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Abstract

This paper studies robust estimation in the dynamic Tobit model under local-to-
unity (LUR) asymptotics. We show that both Gaussian maximum likelihood (ML)
and censored least absolute deviations (CLAD) estimators are consistent, extending
results from the stationary case where ordinary least squares (OLS) is inconsistent.
The asymptotic distributions of MLE and CLAD are derived; for the short-run
parameters they are shown to be Gaussian, yielding standard normal t-statistics.
In contrast, although OLS remains consistent under LUR, its t-statistics are not
standard normal. These results enable reliable model selection via sequential t-tests
based on ML and CLAD, paralleling the linear autoregressive case. Applications to
financial and epidemiological time series illustrate their practical relevance.
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1 Introduction

Many macroeconomic and financial time series are highly persistent, often exhibiting
the random wandering that is the hallmark of a stochastic trend. While it is relatively
straightforward to accommodate these series within the framework of a linear (vector)
autoregressive model, even in this setting such persistence creates significant challenges
for inference, giving rise to limiting distributions that are non-standard and dependent
on nuisance parameters. Accordingly, a substantial literature has developed on inference
methods that are broadly robust to temporal dependence, remaining valid for both sta-
tionary and stochastically trending data (see e.g. Hansen, 1999; Jansson and Moreira,
2006; Mikusheva, 2007, 2012; Elliott, Müller, and Watson, 2015).

Though this literature has now attained a high degree of maturity, a significant lim-
itation is that it is entirely devoted to linear models. Although nonlinear autoregressive
models have been widely studied, this has almost exclusively been in the context of sta-
tionary processes (as in e.g. Tong, 1990; Chan, 2009; Terasvirta, Tjøstheim, and Granger,
2010). Indeed, for a long time the only available dynamic models that permitted some
conjunction of nonlinearities with stochastic trends were those in which the nonlinear-
ities were confined to the short-run dynamics, i.e. to first differences and equilibrium
error components (as in the nonlinear VECM models considered by Balke and Fomby,
1997; Hansen and Seo, 2002; Kristensen and Rahbek, 2010). This excluded, for example,
nonlinear autoregressive models with regimes endogenously dependent on the level of a
stochastically trending series. Only recently has it been shown possible to configure non-
linear (vector) autoregressive models so as to accommodate both nonlinearity in levels and
stochastic trends (Cavaliere, 2005; Bykhovskaya and Duffy, 2024; Duffy and Mavroeidis,
2024; Duffy, Mavroeidis, and Wycherley, 2025).

A major impetus for this recent work has come from the desire to adequately model
highly persistent series that are subject to occasionally binding constraints, of which
the zero lower bound on nominal interest rates is a leading example (Mavroeidis, 2021,
Aruoba, Mlikota, Schorfheide, and Villalvazo, 2022). For such series, a plausible descript-
ive model is the dynamic Tobit, which in a stationary setting has a lengthy pedigree in
the empirical analysis of constrained, i.e. censored, time series (see e.g. Demiralp and
Jordà, 2002, de Jong and Herrera, 2011, Dong, Schmit, and Kaiser, 2012, Liu, Moon,
and Schorfheide, 2019, Brezigar-Masten, Masten, and Volk, 2021, Bykhovskaya, 2023).
Bykhovskaya and Duffy (2024) recently determined conditions under which this model
may also generate stochastically trending, I(1)-like series, and obtained the asymptotic
distribution of OLS estimators in a local-to-unity framework. However, while their res-
ults are sufficient for the purposes of conducting unit root tests, there is no possibility of
extending the validity of OLS beyond their setting, since even its consistency is known to
fail for the stationary dynamic Tobit.
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The present work is thus motivated by the need to develop methods of estimation and
inference, in a nonlinear time series setting, that are robust to the degree of persistence of
the data generating mechanism. More specifically, we seek methods that enjoy validity for
the dynamic Tobit model on a wider domain that allows for both stochastically trending
and stationary data, exactly as OLS enjoys in a linear autoregressive model. This leads
us to consider two alternative estimators that are known to be consistent and asymptot-
ically normal for the stationary dynamic Tobit: Gaussian maximum likelihood (ML) and
Powell’s (1984) censored least absolute deviations (CLAD; see de Jong and Herrera, 2011,
and Bykhovskaya, 2023).

The principal contribution of this paper is to derive the asymptotic distributions of
the ML and CLAD estimators for a dynamic Tobit model, in a local-to-unity framework.
When the model is rendered in ADF form, the limiting distribution of the estimator of
the sum of the autoregressive coefficients is non-standard, but takes a known form that is
suitable for inference. Moreover, estimates of ‘short run’ coefficients (i.e. those on lagged
differences) have an asymptotically Gaussian distribution, so that inferences on these and
on certain related functionals, such as short-horizon impulse responses, remain standard
irrespective of the degree of persistence of the regressor (exactly as is the case for OLS
estimation in a linear autoregressive model). These results facilitate the determination of
the model lag order on the basis of sequential t-tests.

At a technical level, our results contribute to the literature on the asymptotics of
nonlinear extremum estimators with highly peristent processes (see e.g. Park and Phillips,
2000, 2001; Phillips, Jin, and Hu, 2007; Xiao, 2009; Chan and Wang, 2015). Relative to
previous work, the analysis is complicated by two aspects of our problem. Firstly, we
consider a nonlinear autoregressive model, whereas the literature has been concerned
with regression (or discrete choice) models where the regressor xt is a linear unit root
process, and the object is to estimate some (possibly) nonlinear transformation of xt.
Secondly, in our analysis of the CLAD estimator, we cannot rely on the convexity of the
criterion function, something which greatly facilitates the derivation of the asymptotics of
the uncensored LAD estimator, as in Pollard (1991), Herce (1996), Li and Li (2009) and
Xiao (2009). (By contrast, convexity may be fruitfully exploited in the analysis of the
Gaussian MLE.) Nor may approaches employed in the i.i.d. or stationary cases (Powell,
1984; de Jong and Herrera, 2011; Bykhovskaya, 2023) be readily transposed to our setting.
Thus deriving the asymptotics of the (centred) CLAD criterion function, in particular,
requires some delicate and novel arguments. We expect these arguments will also prove
useful for the analysis of other nonlinear extremum estimators, in the presence of highly
persistent data.

The remainder of this paper is organised as follows. Section 2 introduces the dynamic
Tobit model and our assumptions. Section 3 derives the asymptotic distributions of
ML and CLAD estimators. A discussion of the results, and an empirical illustration, is
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presented in Section 4. Finally, Section 5 concludes. All proofs appear in the appendices.

Notation. All limits are taken as T → ∞ unless otherwise stated. p→ and d→ respect-
ively denote convergence in probability and in distribution (weak convergence). We write
‘XT (λ)

d→ X(λ) on DRm [0, 1]’ to denote that {XT} converges weakly to X, where these
are considered as random elements of DRm [0, 1], the space of cadlag functions [0, 1] → Rm,
equipped with the uniform topology; we denote this as D[0, 1] whenever the value of m
is clear from the context. ∥·∥ denotes the Euclidean norm on Rm, and the matrix norm
that it induces. For X a random vector and p ≥ 1, ∥X∥p := (E∥X∥p)1/p.

2 Model

We suppose {yt} is generated by a dynamic Tobit model of order k, written in augmented
Dickey–Fuller (ADF) form as

yt =
[
α0 + β0yt−1 + ϕT

0∆yt−1 + ut

]
+
, t = 1, . . . T, (2.1)

where [x]+ := max{x, 0}, yt−1 := (yt−1, . . . , yt−k+1)
T, ϕ0 = (ϕ1,0, . . . , ϕk−1,0)

T and ∆yt :=

yt − yt−1. The model has two attractive features. Firstly, it is Markovian – with the
state vector defined by k consecutive lags of yt – making it well-suited for forecasting.
Secondly, the presence of the positive part on the right of the equality enforces a lower
bound of zero on yt, making the model appropriate for series that are constrained to take
non-negative values.

We assume that the parameters ρ0 := (α0, β0,ϕ
T
0 )

T ∈ Rk+1, innovations {ut} and
initial conditions satisfy the following assumptions.

Assumption A1. {yt} is initialised by (possibly) random variables {y−k+1, . . . , y0}. Moreover,
T−1/2y0

p→ b0 for some b0 ≥ 0.

Assumption A2. {yt} is generated according to (2.1), where:

1. {ut}t∈Z is independently and identically distributed with Eut = 0 and Eu2
t = σ2

0.

2. α0 = αT,0 := T−1/2a0 and β0 = βT,0 = 1 + T−1c0, for some a0, c0 ∈ R.

Assumption A3. There exist δu > 0 and C < ∞ such that:

1. E|ut|2+δu < C.

2. E|T−1/2y0|2+δu < C, and E|∆yi|2+δu < C for i ∈ {−k + 2, . . . , 0}.

Assumption A1 allows the initialisation to be of the same order of magnitude as the
process yt. This is appropriate because the first observation in any sample is unlikely
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to be the ‘true’ starting point of the process, but simply the point at which data collec-
tion begins. Therefore, it is natural to allow y0 to be of the same scale as any later yt.
Assumptions A2.1 and A3 are standard conditions on the innovations. Assumption A2.2 en-
sures that the data is highly persistent, as a consequence of the autoregressive polynomial
having a root local to unity.

As shown in Bykhovskaya and Duffy (2024, Appendix C), owing to the nonlinearity of
the model additional technical conditions – which go beyond the classical requirements on
the stability of the roots of the autoregressive polynomial – are needed to rule out explosive
behaviour of the first differences {∆yt}. Here we ensure this through a constraint on the
joint spectral radius of two auxiliary companion-form matrices. For δ ∈ [0, 1], define

Fδ :=



ϕ1,0δ ϕ2,0 · · · ϕk−2,0 ϕk−1,0

δ 0 · · · 0 0

0 1
. . .

1 0


(2.2)

and let λJSR(A) denote the joint spectral radius of a bounded collection of matrices A,
which may be defined as

λJSR(A) := lim sup
n→∞

sup
M∈An

λ(M)1/n

where λ(M) denotes the spectral radius of M , and An := {
∏n

i=1 Ai | Ai ∈ A} (cf., Jungers,
2009, Defn. 1.1).

Assumption A4. λJSR({F0, F1}) < 1.

Approximate upper bounds for the joint spectral radius (JSR) can be computed numer-
ically to an arbitrarily high degree of accuracy using semidefinite programming (Parrilo
and Jadbabaie, 2008), making it possible to verify whether the condition is satisfied for a
given set of parameter values (see Duffy, Mavroeidis, and Wycherley, 2023, for a further
discussion). Assumption A4 ensures that the process yt does not exhibit explosive beha-
vior by jointly controlling the dynamics across both the censored (δ = 0) and uncensored
(δ = 1) ‘regimes’. Without this restriction the interaction between the two regimes could
generate a ‘bouncing’ effect, where hitting the lower bound triggers a strong rebound,
potentially leading to exponential growth.

Bykhovskaya and Duffy (2024, Theorem 3.2) show that under Assumptions A1-A4

1√
T
y⌊τT ⌋

d→ ϕ(1)−1ec0τ/ϕ(1)
(
K(τ) + sup

τ ′≤τ
[−K(τ ′)]+

)
=: Y (τ), (2.3)
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on D[0, 1], where

K(τ) := ϕ(1)b0 + a0

∫ τ

0

e−c0r/ϕ(1) dr + σ0

∫ τ

0

e−c0r/ϕ(1) dW (r)

for ϕ(1) = 1 −
∑k−1

i=1 ϕi,0 > 0, and W (·) a standard Brownian motion. The limiting
distribution of the estimators of α and β, though not of ϕ, will be shown below to depend
on the process Y (·) – a dependence similar to that of the OLS estimators on the limiting
Brownian Motion (or Ornstein–Uhlenbeck process) in a linear autoregressive model with
a root at (or local to) unity. In fact, the process K(·) – which Y (·) is the constrained
counterpart of – corresponds exactly to the limit of a local-to-unity autoregressive process.
So surprisingly, despite the Tobit model’s added complexity due to censoring, a similar
asymptotic structure emerges: the limiting distributions of our estimators will closely
resemble those of a linear autoregression, albeit with a nonlinear limiting process Y (·).

3 Estimation and inference

This section introduces two estimation methods – Gaussian maximum likelihood (ML) and
censored least absolute deviations (CLAD) – and establishes their asymptotic properties.
We show that the estimators of the coefficients ϕ0 on the stochastically bounded (though
not stationary) lags ∆yt−1 are asymptotically normal under both methods, permitting
standard inferences to be drawn. As discussed further in Section 4.2, this contrasts
sharply with the behaviour of ordinary least squares estimators, which have some limiting
bias (of order T−1/2) due to the censoring, even in the presence of a local to unit root.

3.1 Maximum likelihood

To permit estimation by maximum likelihood, we need to make a parametric assumption
regarding the distribution of the innovations {ut}. A conventional choice – which is
particularly attractive for computational reasons, because it yields a loglikelihood with a
convex reparametrisation – is for ut to be Gaussian, as per the following.

Assumption B. ut ∼ N [0, σ2
0], and δu > 2 in A3.

Note that for {ut} itself, the maintained Gaussianity makes the condition on δu redund-
ant; this condition is nonetheless still needed instead to ensure that the initial conditions
also have a little more than four finite moments.

Under assumption B, when {yt} is generated according to (2.1), the conditional density
of yt given (yt−1, . . . , yt−k), evaluated at the values yt−i = yt−i for i ∈ 0, . . . , k, is

f(α,β,ϕ,σ)(yt | yt−1, . . . , yt−k) =

σ−1φ[σ−1(yt − α− βyt−1 − ϕT∆yt−1)] if yt > 0,

1− Φ[σ−1(α + βyt−1 + ϕT∆yt−1)] if yt = 0;
(3.1)
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where yt−1 = (yt−1, . . . , yt−k+1)
T, and Φ(x) and φ(x) denote the standard normal cdf

and pdf functions, i.e. φ(x) := 1√
2π
e−x2/2. We consider a conditional ML estimator that

maximises the loglikelihood of the {yt}Tt=1 conditional on the initial values {yi}0i=−k+1, i.e.
which maximises

LT (α, β,ϕ, σ) :=
T∑
t=1

log f(α,β,ϕ,σ)(yt | yt−1, . . . , yt−k)

with respect to α, β,ϕ, σ. Define

(α̂M

T , β̂
M

T , ϕ̂
M

T , σ̂
M

T ) ∈ argmax
(α,β,ϕ,σ)∈Rk+2×R+

LT (α, β,ϕ, σ)

to be a sequence of maximisers of LT . Let Ω := plimT→∞
1
T

∑T
t=1∆yt−1∆yT

t−1, which
exists as a consequence of Lemma B.4 in Bykhovskaya and Duffy (2024).

Theorem 3.1. Suppose A1–A4 and B hold. Then[
T 1/2(α̂M

T − α0)

T (β̂M
T − β0)

]
d−−−→

T→∞
σ0

[
1

∫ 1

0
Y (τ) dτ∫ 1

0
Y (τ) dτ

∫ 1

0
Y 2(τ) dτ

]−1 [
W (1)∫ 1

0
Y (τ) dW (τ)

]
(3.2)

jointly with

T 1/2

[
ϕ̂M

T − ϕ0

(σ̂M
T )

2 − σ2
0

]
d−−−→

T→∞

[
σ2
0Ω

−1 0

0 (2σ2
0)

−1

]1/2
ξ (3.3)

where ξ ∼ N [0, Ik] is independent of W (and therefore also Y ).

In contrast to the classical autoregressive setting, where the Gaussian MLE is numer-
ically identical to OLS, and therefore has the same asymptotic distribution, Theorem 3.1
and simulations in Section 4.2 show that censoring breaks this equivalence (see Byk-
hovskaya and Duffy (2024, Theorem 3.4) for the OLS limit theory). Interestingly, though,
up to a change of the rescaled limit of yt, the ML distributions in Theorem 3.1, match
their linear analogues, see, e.g., Hamilton (1994, (17.7.25), (17.7.27)).

The asymptotic variance in (3.3) is given by the inverse of the information matrix,
i.e., the inverse of the negative Hessian (see Proposition B.1), matching the corresponding
result in the stationary case (de Jong and Herrera, 2011, Theorem 3). Unlike in the
stationary case, where censoring binds much more frequently (O(T ) rather than O(

√
T )

times), here we can obtain an explicit form for the Hessian, which is unaffected by censored
observations apart from their impact on the asymptotic distribution of yt in (3.2).
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3.2 Censored least absolute deviations

The censored least absolute deviations (CLAD) estimator of (2.1), which we denote as
(α̂L

T , β̂
L
T , ϕ̂

L
T ), minimises

ST (α, β,ϕ) :=
T∑
t=1

∣∣∣yt − [α + βyt−1 + ϕT∆yt−1

]
+

∣∣∣ (3.4)

as per Powell (1984). The presence of the positive part – reflecting Tobit-type censoring
as in (2.1) – within the objective function (3.4) renders the criton function non-convex,
making the analysis of the CLAD estimator rather more challenging than that of its
uncensored counterpart. A further complication arises from the high persistence in {yt},
which prevents the application of maximal inequalities or uniform central limit theorems
appropriate to stationary processes.

Assumption C.

1. ut is continuously distributed, with density fu that is positive at zero, bounded, and
continuously differentiable with bounded derivatives, med(ut) = 0 and δu > 2 in A3;
and

2. (α0, β0,ϕ
T
0 )

T ∈ Π, for some compact Π ⊂ Rk+2, and (0, 1,ϕT
0 )

T ∈ intΠ.

We expect that our requirement that ut have a little more than four finite moments
(δu > 2) could be relaxed to two finite moments. Obtaining the limiting distribution in
the latter case would necessitate a sharper bound on the order of

T∑
t=1

1{α0 + β0yt−1 + ϕT
0∆yt−1 ≤ 0},

which is closely related to the rate at which censored observations occur. The arguments
used to prove the following theorem rely on an estimate of op(T ) for such terms, but this
could likely be improved to Op(T

1/2).

Theorem 3.2. Suppose that Assumptions A1-A4 and C hold. Then[
T 1/2(α̂L

T − α0)

T (β̂L
T − β0)

]
d−−−→

T→∞

1

2fu(0)

[
1

∫ 1

0
Y (τ) dτ∫ 1

0
Y (τ) dτ

∫ 1

0
Y 2(τ) dτ

]−1 [
W̃ (1)∫ 1

0
Y (τ)dW̃ (τ)

]
(3.5)

jointly with, and independently of

√
T (ϕ̂L

T − ϕ0)
d−−−→

T→∞

1

2fu(0)
N (0,Ω−1), (3.6)
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where Ω = plimT→∞
1
T

∑T
t=1∆yt−1∆yT

t−1 and W̃ (·) is a 1-dimensional Brownian motion,
such that the covariance matrix of (σ0W (·), W̃ (·))T is

Σ =

(
σ2
0 E|ut|

E|ut| 1

)
.

Comparing our asymptotic results with those for (uncensored) LAD in the linear
regression setting of Herce (1996, Theorem 1), we see that the structure of our limting
distributions closely mirrors its linear counterpart, with the only difference being the
limiting processes for {yt} (upon rescaling) that appears in the two distributional limits.
This resemblance is particularly surprising given that the observations with yt = 0 cannot
be ignored; rather, they play a crucial role in the derivation of Theorem 3.2.

There, the key step involves deriving the first- and second-order terms in the expansion
of the CLAD objective function evaluated at an arbitrary parameter vector relative to its
value at the true parameters. The first-order term converges to a quadratic form in the
parameters, while the second-order term converges to a linear function. This structure
enables us to characterize the solution to the limiting optimization problem.

It is also worth comparing the results of Theorem 3.2 with their stationary counterparts
de Jong and Herrera (2011, Theorem 5) and Bykhovskaya (2023, Theorem 6). Both share
the same factor 1

2fu(0)
, where the density at zero arises from a Taylor expansion and

governs the behavior when yt−1 is close to zero. Moreover, the asymptotics for the short-
run coefficients ϕ̂

L

match their stationary analogue, since the number of observations
with yt = 0 is small enough that 1

T

∑
t ∆yt−1∆yT

t−1 and 1
T

∑
t 1{yt > 0}∆yt−1∆yT

t−1 are
asymptotically identical.

4 Discussion

4.1 Pros and cons of CLAD and MLE

When ut follows a standard normal distribution, both Theorems 3.1 and 3.2 are applicable,
allowing us to compare the variances of the short-run coefficients in MLE and CLAD. In
this case, 1

2fu(0)
= σ0

√
π/2 ≈ 1.25σ0, implying roughly a 25% increase in the standard

deviation of CLAD relative to the (optimal) ML estimator. The increased asymptotic
variance of all CLAD coefficients compared to MLE is illustrated in Figure 4.1. We observe
that, because the asymptotic distributions of both CLAD and MLE estimators of α and β

involve the non-standard limiting process Y (·), they are skewed and centered at positive
values for α and negative values for β, with the MLE exhibiting tighter concentration than
CLAD. In contrast, the short-run estimators are all centered at zero and approximately
normal, though again with CLAD displaying higher variance than MLE.

On the other hand, relative to the (Gaussian) MLE, a major advantage of the CLAD
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Figure 4.1: Asymptotic distributions based on MLE and CLAD. Data generating process:
yt = [yt−1 + 0.5∆yt−1 + ut]+, y0 = y−1 = 0, ut ∼ i.i.d. N (0, 1), T = 1000, MC = 100, 000
replications.
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Figure 4.2: Asymptotic distributions based on MLE and CLAD when errors follow Laplace
distribution. Data generating process: yt = [yt−1 + 0.5∆yt−1 + ut]+, y0 = y−1 = 0,
ut ∼ i.i.d. Laplace(0, 1/

√
2), T = 1000, MC = 100, 000 replications.

estimator is that it is semiparametric, insofar as it does not require a parametric assump-
tion on the distribution of the errors ut. As illustrated in Section 4.3.2 and previously in
de Jong and Herrera (2011); Bykhovskaya (2023), real-world data can deviate substan-
tially from Gaussianity, in which case the CLAD estimator is likely to yield more reliable
inferences.

Our simulations suggest that the asymptotic behavior of MLE changes little when
the errors are non-Gaussian, so long as they have sufficient moments, consistent with
the well-attested good performance of quasi-MLEs. However, depending on the value of
fu(0), CLAD may now be more efficient than the quasi-MLE. For example, if ut follows a
Laplace(0, 1/

√
2) distribution, so that Eut = 0 and Eu2

t = 1, we have fu(0) = 1/
√
2 and

1/2fu(0) = 1/
√
2 ≈ 0.7 < 1. In this case, the MLE standard deviation for the short-run

coefficients is almost 1.5 times larger than that of CLAD. This is illustrated in Figure 4.2,
where the behaviour of the MLE estimator is very similar to that observed for Gaussian
errors in Figure 4.1, while the CLAD estimator is now much more tightly distributed,
reflecting the higher value of the density at zero (1/

√
2 for the Laplace distribution versus

1/
√
2π for the standard normal). The same pattern is observed when the errors follow

a t-distribution with ν degrees of freedom, where ν ∈ (2, 4.6] to ensure that variance is
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well-defined and 2fu(0) > 1.
The main drawbacks of the CLAD estimator come from two aspects. First, the CLAD

optimisation problem is non-convex, potentially causing numerical optimisers to converge
local rather than global optima, and thus to be sensitive to their initialisation. The
Gaussian loglikelihood, by contrast, may be reparameterised so as to render the objective
function concave, thereby avoiding this problem.1 (This may in turn be used to provide
reasonable starting values for the optimisation of the CLAD criterion function.) The
second drawback stems from the necessity of estimating fu(0) for the purposes of inference
(i.e. to construct confidence intervals or conduct hypothesis tests). We tackle this by
means of kernel density estimation, as proposed in Powell (1984, (5.2) and (5.5)), though
this has the undesirable consequence of rendering inferences dependent on the choice of a
bandwidth parameter.

4.2 Comparison with OLS

It is noteworthy that all three estimators share a common structure in their asymptotic
distributions: the inverse of [

1
∫ 1

0
Y (τ) dτ∫ 1

0
Y (τ) dτ

∫ 1

0
Y 2(τ) dτ

]

appears in the asymptotics of the the estimators of (α, β), while the limiting variance of
the estimators of ϕ depends on the inverse of Ω. This structure mirrors the limit of the
properly rescaled OLS regressor signal matrix XTX, for the regressors (1, yt−1,∆yT

t−1)
T.

The similarity arises because, up to proportionality, the first-order Taylor expansions of
the estimators coincide; the differences emerge in the behavior of fluctuations, that is, in
the second-order terms.

There are two significant advantages to using MLE or CLAD relative to OLS. The first
advantage is that the former two are consistent both under stationary and (near) unit root
regimes, see e.g., (de Jong and Herrera, 2011; Bykhovskaya, 2023), while OLS is consistent
only under the (near) unit root regime (see, e.g., Bykhovskaya (2023, Supplementary
material) for inconsistency results and (Bykhovskaya and Duffy, 2024) for consistency
results). Since an empirical researcher is typically a priori uncertain about the level of
persistence in the data, using MLE or LAD permits valid inferences to be drawn more
robustly.

The second advantage is related to the estimation of the ‘short-run’ parameters ϕi,
for i ∈ {1, . . . , k − 1}, i.e. the coefficients on the lagged differences ∆yt−i. As is shown in
Theorems 3.1 and 3.2, both the MLE and CLAD estimators of theses are asymptotically
normal, leading to standard normal t-statistics. By contrast, as illustrated in Figure 4.3,

1As per Olsen (1978), the new parameters are α/σ, β/σ, ϕ/σ, and σ−1.
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Figure 4.3: Asymptotic distributions of
√
T (ϕ̂1 − ϕ1) and of t-statistic for ϕ1 based on

three estimation procedures. Data generating process: yt = [yt−1 + 0.5∆yt−1 + ut]+, y0 =
y−1 = 0, ut ∼ i.i.d. N (0, 1), T = 1000, MC = 100, 000 replications.

the OLS asymptotic distribution of ϕ̂1,OLS and its corresponding t-statistic (solid blue
curves) are not centered at zero, as a consequence of the censoring. In particular, the
mean of the OLS t-statistic in Figure 4.3 is approximately −0.4. This negative mean
represents the non-degenerate limit of 1√

T

∑
t y

−
t ∆yt−1, where y−t = min{0, α0 + β0yt−1 +

ϕT
0∆yt−1 + ut}. The intuition is that the positive-part binds O(

√
T ) times, so there are

O(
√
T ) nonzero y−t , which, when scaled by 1√

T
, generate a negative bias. In contrast, the

simulated distributions of the t-statistics for the ML (red dashed curve) and CLAD (black
dash-dotted curve) estimators align closely with the standard normal density.

4.3 Model selection and illustrations

The fact that the t-statistics for ϕi are asymptotically standard normal, for both MLE and
CLAD, can be used for the purposes of model selection. In particular, one can determine
the appropriate lag order k for the model via a sequential test of the null H0 : ϕk−1 = 0,
starting from some relatively high value k = k0, and then reducing k (by one) so long as
the associated t-statistic does not exceed the α-level normal critical value. In contrast,
since the OLS t-statistics for the ϕi parameters have a non-standard limiting distribution,
the naive use of these in such a model selection procedure may lead to an inappropriate
choice for k.

This is illustrated below with two data sets. For each we estimate a kth order dynamic
Tobit, for various values of k, using MLE and CLAD. For each k, and each estimation
method, we compute the corresponding t-statistic for H0 : ϕk−1 = 0. The standard errors
of the estimators are obtained from Theorems 3.1 and 3.2. The matrix Ω is estimated
by its sample analogue, while the density at zero, required for the CLAD estimator, is
estimated using a uniform kernel, as recommended by Powell (1984).
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Figure 4.4: 3-month Tbills and associated Tobit(k) t-statistics.

α β ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7

MLE -0.25 1.03 0.39 -0.34 0.32 -0.10 0.13 -0.08 -0.22
(6.98) (5.76) (5.14) (1.50) (2.18) (1.35) (3.95)

LAD -0.00 1.00 0.43 -0.09 0.12 0.02 0.04 -0.04 -0.15
(9.87) (1.94) (2.56) (0.49) (0.92) (0.96) (3.49)

Table 4.1: 3-month Tbills: MLE and LAD estimates with t-statistics for ϕ̂i coefficients.

4.3.1 US Treasury bill rate

Treasury bill rates in the United States have been near the zero lower bound (ZLB)
during three historical periods: during the 1930s and 1940s following the Great Depression,
during and after the 2007 Global Financial Crisis, and more recently during the COVID-19
pandemic. We use quarterly interest rates on 3-month Treasury bills, with data extending
back to the 1920s. The data set is based on Ramey and Zubairy (2018) and extended using
FRED data through the first quarter of 2025, so that T = 421. We treat values below 0.5

as effectively at the zero lower bound, so that our identified ZLB periods closely align with
those in Ramey and Zubairy (2018). Figure 4.4a displays the interest rate data, while
Figure 4.4b presents the corresponding t-statistics computed for k ∈ {2, . . . , 20} (i.e., up
to 5 years of quarterly lags).

Comparing the t-statistics in Figure 4.4b with the 5% normal critical value for a two-
sided test (1.96), we find that in most cases both estimation methods yield the same
results, and point to the model with k = 8 as the preferred specification. There are, how-
ever, three values of k, 3, 6, and 14, where the methods yield slightly different conclusions,
as the CLAD t-statistic falls below 1.96 for k = 3, 6 and above it for k = 14. We report
the estimation results for k = 8 in Table 4.1.
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Figure 4.5: Daily Covid-19 cases in Rowan county, NC and associated Tobit(k) t-statistics.

4.3.2 Countywide Covid-19 cases

Understanding and predicting the evolution of pandemic case counts is critical for ef-
fective public health planning and response. Accurate forecasts can inform timely policy
decisions such as implementing social distancing measures, allocating medical resources,
or guiding vaccine distribution. This stresses the importance of valid model selection.
To illustrate our approach to pandemic model selection, we use Covid-19 case data for
Rowan County, NC, obtained from USAFacts (accessed July 15, 2025). Rowan County
provides an instructive example due to its moderate population size and relatively local-
ised outbreaks.

We use daily data for 351 consecutive days, stopping before reporting irregularities
become prevalent: when missing cases began to be accumulated into subsequent days.
The sample begins on March 19, 2020 (the date of the first reported case) and ends on
March 4, 2021. Unlike the previous example, we do not apply artificial censoring; the 22

zero observations correspond to days when no positive cases were recorded.
Figure 4.5 summarizes the data and the associated t-statistics. In contrast to the

previous example, we now observe substantial disagreement between LAD and MLE, with
LAD favoring more complex models. This divergence suggests that the data may not be
well approximated by a normal distribution, consistent with findings in the literature
showing that Covid-19 case counts deviate significantly from both normality and log-
normality (e.g., Gonçalves, Turkman, Geraldes, Marques, and Sousa (2021); Cohen, Davis,
and Samorodnitsky (2022)).
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5 Conclusion

This paper develops asymptotic theory for maximum likelihood (ML) and censored least
absolute deviations (CLAD) estimation in dynamic Tobit models under local unit root
(LUR) asymptotics. While earlier work had established consistency (and asymptotic
normality) of these estimators in the stationary setting, we show that both ML and
CLAD remain consistent in the LUR regime and derive their asymptotic distributions.
A key finding is that the short-run parameters are asymptotically normal under both
methods, facilitatig standard inference and model selection via sequential t-testing.

These results contrast sharply with the behavior of ordinary least squares (OLS),
which, although consistent under LUR, yields t-statistics for the short-run parameters that
have an asymptotic bias and non-standard distribution. Consequently, model selection
procedures based on OLS can be misleading, especially in settings with censoring and
persistent dynamics.

Overall, our results suggest that MLE and LAD offer viable and robust alternatives
to OLS in dynamic censored models, with significant advantages for inference and model
selection. Future work could extend the analysis to accommodate time-varying volatil-
ity, covariates, or alternative forms of censoring commonly encountered in economic and
financial data.

A Auxiliary lemmas

Notation. em,i denotes the ith column of an m × m identity matrix; when m is clear
from the context, we write this simply as ei. For S ⊂ Rm, let Lucc(S) denote the set
of functions that are uniformly bounded on compact subsets of S, equipped with the
topology of uniform convergence on compacta. (When S is compact, this coincides with
the uniform topology.) Let Ft := σ({ys}s≤0, {us}s≤t) denote the filtration generated by
the initial conditions and the innovations {ut}.

For ease of reference, we start by presenting some technical results. We will use the
following two properties. First, let y−t := [αT,0+βT,0yt−1+ϕT

0∆yt−1+ut]− and vt := ut−y−t ,
where [x]− := min{x, 0}. Then the evolution of {yt} may also be described by

yt = αT,0 + βT,0yt−1 + ϕT
0∆yt−1 + vt = xt−1 + vt, (A.1)

where we have also defined

xt−1 := αT,0 + βT,0yt−1 + ϕT
0∆yt−1. (A.2)

Second, as noted in the proof of Bykhovskaya and Duffy (2024, Lemma B.2), since the
polynomial ϕ(z) := 1−

∑k
i=1 ϕi,0z

i has all its roots outside the unit circle under A1–A4, it
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has a well defined inverse ϕ−1(z) :=
∑∞

i=0 γiz
i for all |z| ≤ 1.

We also define the scaled regressor process:

zt−1,T =

 T−1/2

T−1yt−1

T−1/2∆yt−1.

 (A.3)

Lemma A.1. Suppose A1–A4 hold. Then

(i) there exists a C < ∞ such that max−k+2≤t≤T∥∆yt∥2+δu < C;

(ii) T−1
∑T

t=1(∆yt−1)(∆yt−1)
T p→ Ω, where Ω = [Ωij]

k−1
i,j=1 is positive definite, with Ωij =

σ2
0

∑∞
n=0 γnγn+|i−j|;

(iii)
∑T

t=1 yt−1∆yt−1 = Op(T ).

Lemma A.2. Suppose A1–A4 hold, M > 0, and let g(x) be a bounded function such that
|g(x)| → 0 as x → +∞. Let {Yt,T}Tt=1 be such that T−1/2Y⌊τT ⌋,T

d→ Y (τ), where Y (·) is
defined in (2.3). Then

(i)
∫ 1

0
1{Y (τ) ≤ M} dτ p→ 0 as M → 0;

(ii) T−1
∑T

t=1 1{Yt−1,T < M} p→ 0 as T → ∞ and then M → 0; and

(iii) E|T−1
∑T

t=1 g(Yt−1,T )| = o(1).

In particular, the preceding holds with Yt−1,T = αT,0 + βT,0yt−1 + ϕT
0∆yt−1.

Lemma A.3. Suppose A1–A4 hold. Then

(i)
∑T

t=1 zt−1,T z
T
t−1,T

d→ QZZ jointly with 1√
T

∑⌊τT ⌋
t=1 ut

d→ σ0W (τ), where

QZZ :=

 1
∫ 1

0
Y (τ) dτ 0∫ 1

0
Y (τ) dτ

∫ 1

0
Y 2(τ) dτ 0

0 0 Ω


is a.s. positive definite;

(ii) max0≤t≤T∥zt,T∥ = Op(T
−δu/2(2+δu)) = op(1);

(iii) T−1
∑T

t=1 1{yt = 0} = op(1); and

(iv)
∑T

t=1 zt−1,Tut1{yt > 0} = op(T
1/2)

Suppose further that A3 holds with δu > 2. Then

(v)
∑T

t=1∥zt−1,T∥4 = Op(T
−1);
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(vi)
∑T

t=1 1{yt = 0}|vt|m = op(T ) for each m ∈ [1, 4].

Lemma A.4. Let Φ(x), φ(x) denote the standard normal cdf and pdf functions and let
λ(x) := φ(x)/[1 − Φ(x)] be the inverse Mills ratio. There exists a C < ∞ such that
λ(x) ≤ C(1 + [x]+) and |λ′(x)| ≤ C for all x ∈ R.

Proof of Lemma A.1. (i), (ii) and (iii) correspond to Lemma B.2 and parts (iii) and (iv)
of Lemma B.4 in Bykhovskaya and Duffy (2024).

Regarding the positive definiteness of Ω asserted in part (i), by defining the stationary
autoregressive process

wt =
k∑

i=1

ϕiwt−i + ut

and setting wt := (wt, . . . , wt−k+1)
T, we obtain that Ω = Ewtw

T
t is necessarily posit-

ive semi-definite. Further, by the independence of ut from {wτ}τ<t, we have for a =

(a1, . . . , ak)
T that V(aTwt) ≥ V(a1ut) = a21σ

2
0, and so is nonzero so long as a1 ̸= 0. If

a1 = 0, then we similarly get V(aTwt) ≥ V(a2ut−1) = a22σ
2
0, which is nonzero as long as

a2 ̸= 0. Repeating the same argument, it follows that there does not exist any a ∈ Rk\{0}
such that aTΩa = V(aTwt) = 0.

Proof of Lemma A.2. (i). Let cϕ := ϕ(1)−1c0 and Y ∗(τ) := ϕ(1)e−cϕτY (τ), where ϕ(1) >

0 as a consequence of A4, as noted in Bykhovskaya and Duffy (2024, Remark 3.1). Then

Y ∗(τ) = K(τ) + sup
τ ′≤τ

[−K(τ ′)]+,

K(τ) = ϕ(1)b0 + a0

τ∫
0

e−cϕrdr + σ0

τ∫
0

e−cϕrdW (r).

Now consider∫ 1

0

1{Y (τ) ≤ M} dτ =

∫ 1

0

1{Y ∗(τ) ≤ Mϕ(1)e−cϕτ} dτ

≤
∫ 1

0

1{Y ∗(τ) < 2Mϕ(1)(1 + e−cϕ)} dτ

=

∫ 1

0

1{0 ≤ Y ∗(τ) < 2Mϕ(1)(1 + e−cϕ)} dτ

since Y ∗(τ) ≥ 0 for all τ . It remains to show that the r.h.s. vanishes as M → 0. To that
end, observe that K(·) is a continuous semimartingale, and that the (weakly) increasing
process supτ ′≤τ [−K(τ ′)]+ is continuous and has finite variation. Hence Y ∗(τ) is also a
continuous semimartingale, with quadratic variation

[Y ∗(τ)] = [K(τ)] = σ2
0

∫ τ

0

e−2cϕs d(s) =
σ2
0(1− e−2cϕτ )

2cϕ
:= µ∗(τ)
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and µ∗(τ) = σ2
0τ when c0 = 0. It follows by Corollary VI.1.9 of Revuz and Yor (1999)

that, almost surely ∫ 1

0

1{0 ≤ Y ∗(τ) < M ′} dµ∗(τ) → 0

as M ′ → 0. Since µ∗ and Lebesgue measure on [0, 1] are mutually absolutely continuous,
it follows that ∫ 1

0

1{0 ≤ Y ∗(τ) < M ′} dτ → 0

as M ′ → 0, as required.
(ii). Letting hM(x) be any smooth function such that 1{x < M} ≤ hM(x) ≤ 1{x <

2M}, we have by the continuous mapping theorem (CMT) and the result of part (i) that

T−1

T∑
t=1

1{T−1/2Yt−1,T < M} ≤ T−1

T∑
t=1

hM(T−1/2Yt−1,T )

d→
∫ 1

0

hM [Y (τ)] dτ ≤
∫ 1

0

1{Y (τ) < 2M} dτ p→ 0

as T → ∞ and then M → 0.
(iii). Let ϵ > 0 and M > 0: then for all T sufficiently large, |g(x)| < ϵ for all

x ≥ T 1/2M . Since there exists a C < ∞ such that |g(x)| ≤ C for all x ∈ R, it follows
that for such T ,∣∣∣∣∣T−1

T∑
t=1

g(Yt−1,T )

∣∣∣∣∣ ≤ CT−1

T∑
t=1

1{T−1/2Yt−1,T < M}+ ϵ. (A.4)

Deduce, by the result of part (i), that the r.h.s. of (A.4) is bounded by 2ϵ w.p.a.1 as T → ∞
and then M → 0; since ϵ was arbitrary, it follows that T−1

∑T
t=1 g(Yt−1,T ) = op(1). Since

g is bounded, this holds also in L1.
Regarding the final claim, we need only to note that in this case

T−1/2Y⌊τT ⌋,T = T−1/2αT,0 + T−1/2βT,0y⌊τT ⌋ + T−1/2ϕT
0∆y⌊τT ⌋

d→ Y (τ)

by Lemma A.1(i) and Theorem 3.2 in Bykhovskaya and Duffy (2024).

Proof of Lemma A.3. (i). We have

T∑
t=1

zt−1,T z
T
t−1,T =

 1 T−3/2
∑T

t=1 yt−1 T−1
∑T

t=1(∆yt−1)
T

T−3/2
∑T

t=1 yt−1 T−2
∑T

t=1 y
2
t−1 T−3/2

∑T
t=1 yt−1(∆yt−1)

T

T−1
∑T

t=1∆yt−1 T−3/2
∑T

t=1(∆yt−1)yt−1 T−1
∑T

t=1(∆yt−1)(∆yt−1)
T


d→

 1
∫ 1

0
Y (τ) dτ 0∫ 1

0
Y (τ) dτ

∫ 1

0
Y 2(τ) dτ 0

0 0 Ω


17



by parts (ii) and (iii) of Lemma A.1, Theorem 3.2 in Bykhovskaya and Duffy (2024) and
the CMT, noting in particular that

∑T
t=1∆yt−1 = yT−1−y0 = Op(T

1/2). The a.s. positive
definiteness of the final matrix follows since Ω is positive definite, by Lemma A.3(ii).

(ii). We have

max
1≤t≤T

∥zt,T∥2 ≤ T−1 + T−1 max
1≤t≤T

(T−1/2yt−1)
2 + T−1 max

1≤t≤T
∥∆yt∥2

= Op(T
−1) +Op(T

−1+2/(2+δu)) = Op(T
−δu/(2+δu))

by Theorem 3.2 in Bykhovskaya and Duffy (2024), and Lemma A.1(i).
(iii). Let δ > 0, and hδ(x) be any smooth function such that 1{0 ≤ x ≤ δ} ≤ hδ(x) ≤

1{0 ≤ x ≤ 2δ}. Then by the CMT and Lemma A.2(i),

T−1

T∑
t=1

1{yt = 0} ≤ T−1

T∑
t=1

hδ(T
−1/2yt)

d→
∫ 1

0

hδ[Y (τ)] dτ ≤
∫ 1

0

1{0 ≤ Y (τ) ≤ 2δ} dτ p→ 0

as T → ∞ and then δ → 0.
(iv). Decompose

T∑
t=1

zt−1,Tut1{yt > 0} =
T∑
t=1

zt−1,Tut −
T∑
t=1

zt−1,Tut1{yt = 0}.

For the second r.h.s. term, two applications of the CS inequality yield

T∑
t=1

∥zt−1,T∥|ut|1{yt = 0} ≤

(
T∑
t=1

∥zt−1,T∥2
)1/2( T∑

t=1

|ut|4
)1/4( T∑

t=1

1{yt = 0}

)1/4

= Op(1) ·Op(T
1/4) · op(T 1/4) = op(T

1/2)

by the results of parts (i) and (iii). Next, note

T∑
t=1

zt−1,Tut =
T∑
t=1

 T−1/2

T−1yt−1

T−1/2∆yt−1

ut.

By Theorem 3.2 in Bykhovskaya and Duffy (2024) and Theorem 2.1 in Liang, Phillips,
Wang, and Wang (2016), the second component converges weakly to σ

∫ 1

0
Y (τ) dW (τ),

and so is Op(1). The remaining components form a martingale with variance matrix

σ2
0

[
1 0

0 E(∆yt−1)(∆yT
t−1)

]

which is uniformly bounded by Lemma A.1(i); hence these components are also Op(1).
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(v). Note that there exists a C < ∞ (depending only on n) such that for all x =

(x1, . . . , xn)
T ∈ Rn, ∥x∥4 = (

∑n
i=1 x

2
i )

2 ≤ C
∑n

i=1 x
4
i . Therefore, in particular

T∑
t=1

∥zt−1,T∥4 ≤ C

T∑
t=1

[
T−2 + T−4|yt−1|4 + T−2∥∆yt−1∥4

]
= CT−1

[
1 + T−1

T∑
t=1

∣∣∣ yt−1

T 1/2

∣∣∣4 + T−1

T∑
t=1

∥∆yt−1∥4
]

= Op(T
−1)

since E∥∆yt−1∥4 is uniformly bounded by Lemma A.1(i), and

T−1

T∑
t=1

∣∣∣ yt−1

T 1/2

∣∣∣4 d→
∫ 1

0

Y 4(τ) dτ

by Theorem 3.2 in Bykhovskaya and Duffy (2024) and the CMT.
(vi). Note that we always have

vt = ut − y−t ≥ ut

since −y−t ≥ 0, while if yt = 0, then by (A.1)

0 = yt = α0,T + β0,Tyt−1 + ϕT
0∆yt−1 + vt ≥ α0,T + ϕT

0∆yt−1 + vt.

Thus ut ≤ vt ≤ −α0,T −ϕT
0∆yt−1 when yt = 0, whence there exists a C < ∞ (depending

only on m, a0 and ∥ϕ0∥) such that

E1{yt = 0}|vt|m+δ ≤ E(|ut|+ |α0,T |+ ∥ϕ0∥∥∆yt−1∥)m+δ

≤ C(1 + E|ut|m+δ + E∥∆yt−1∥m+δ).

In view of Lemma A.1(i), we may take δ ∈ (0, δu − 2) such that the r.h.s. is uniformly
bounded, for all m ∈ [1, 4]. Hence, by Hölder’s inequality,

T∑
t=1

1{yt = 0}|vt|m ≤

(
T∑
t=1

1{yt = 0}

)δ/(m+δ)( T∑
t=1

1{yt = 0}|vt|m+δ

)m/(m+δ)

= op(T
δ/(m+δ)) ·Op(T

m/(m+δ)) = op(T )

by the preceding and the result of part (iii).

Proof of Lemma A.4. Both bounds are an immediate consequence of the bound given in
(3) in Sampford (1953).
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B Maximum likelihood

To economise on notation, in this section we shall generally write α̂M
T as merely α̂T . Define

ρ := (α, β,ϕT)T, ϑ = σ−1, ρT,0 := (αT,0, βT,0,ϕ
T
0 )

T, ϑ0 = σ−1
0 ,

π := (ρT, ϑ)T, πT,0 := (ρTT,0, ϑ0)
T,

where the ‘0’ subscript denotes the true parameter values.
It will be convenient to rewrite the estimation problem in terms of local parameters,

defined as:

r :=

ac
f

 =

T
1/2 0 0

0 T 0

0 0 T 1/2


α− αT,0

β − βT,0

ϕ− ϕ0

 =: Dr,T (ρ− ρT,0), h := T 1/2(ϑ− ϑ0),

which we collect together as

p :=

[
r

h

]
=

[
Dr,T 0

0 T 1/2

][
ρ− ρT,0

ϑ− ϑ0

]
=: Dp,T (π − πT,0). (B.1)

For each T ∈ N, there is a bijective mapping between p and π. To reparametrise the
model in terms of the former, let

πT (p) = πT,0 +D−1
p,Tp ρT (r) = ρT,0 +D−1

r,T r ϑT (h) = ϑ0 + T−1/2h,

denote the model parameters corresponding to given values of p = (rT, h)T. Since the
only constraint on the original parameter space is that ϑ > 0, the parameter space for p

is given by PT := Rk+1 × {h ∈ R | h > −T 1/2ϑ0}; note that for any compact K ⊂ Rk+2,
we will have K ⊂ PT for all T sufficiently large.

Recalling (A.1)–(A.3) above, we thus have

yt − α− βyt−1 − ϕT∆yt−1 = vt + (α0 − α) + (β0 − β)yt−1 + (ϕ0 − ϕ)T∆yt−1

= vt − (ρ− ρ0)
TDr,T zt−1,T = vt − zTt−1,T r, (B.2)

for vt = ut − y−t , and

α + βyt−1 + ϕT∆yt−1 = [α0 + β0yt−1 + ϕT
0∆yt−1]

+ [(α− α0) + (β − β0)yt−1 + (ϕ− ϕ0)
T∆yt−1]

= xt−1 + zTt−1,T r. (B.3)
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B.1 Proof of Theorem 3.1

We may now proceed to analyse the asymptotic behaviour of the loglikelihood. To that
end, let

gt(p) := log fπT (p)(yt | yt−1, . . . , yt−k)

denote the conditional density of yt given (yt−1, . . . , yt−k), when π = πT (p). Then in view
of (3.1), (B.2) and (B.3), evaluating this at yt−i = yt−i yields

gt(p) = 1{yt > 0} log ϑT (h)φ[ϑT (h)(yt − αT (r)− βT (r)yt−1 − ϕT (r)
T∆yt−1)]

+ 1{yt = 0} log{1− Φ[ϑT (h)(αT (r) + βT (r)yt−1 + ϕT (r)
T∆yt−1)]}

= 1{yt > 0} log ϑT (h)φ[ϑT (h)(vt − zTt−1,T r)]

+ 1{yt = 0} log{1− Φ[ϑT (h)(xt−1 + zTt−1,T r)]}

= [log ϑT (h)− 1
2
log 2π]1{yt > 0} − 1

2
ϑ2
T (h)(ut − zTt−1,T r)

21{yt > 0}

+ 1{yt = 0} log{1− Φ[ϑT (h)(z
T
t−1,T r − vt)]},

since when yt > 0, y−t = 0, so that vt = ut, and when yt = 0,

0 = yt = xt−1 + vt

so that vt = −xt−1. If π̂ maximises LT (π), then p̂ = Dp,T (π̂ − πT,0) maximises

ℓT (p) := LT [πT (p)] =
T∑
t=1

gt(p)

= NT [log ϑT (h)− 1
2
log 2π]− 1

2
ϑ2
T (h)

T∑
t=1

(ut − zTt−1,T r)
21{yt > 0}

+
T∑
t=1

1{yt = 0} log{1− Φ[ϑT (h)(z
T
t−1,T r − vt)]}

where NT :=
∑T

t=1 1{yt > 0}.
Let ST (p) and HT (p) denote the score (gradient) and Hessian of ℓT at p. The proof of

the following is deferred to Appendix B.2.

Proposition B.1. Suppose A1–A4 and B hold. Then jointly with 1
T

∑⌊τT ⌋
t=1 ut

d→ σ0W (τ),

(i) ST (0)
d→ S, and

(ii) HT (p)
d→ H on Lucc(Rk+2)
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where

S := σ−1
0


W (1)∫ 1

0
Y (τ) dW (τ)

Ω1/2ξ(1)

21/2σ2
0ξ(2)

 H := −σ−2
0


1

∫ 1

0
Y (τ) dτ 0 0∫ 1

0
Y (τ) dτ

∫ 1

0
Y 2(τ) dτ 0 0

0 0 Ω 0

0 0 0 2σ4
0


with ξ(1) ∼ N [0, Ik], ξ(2) ∼ N [0, 1] and W (·) being mutually independent.

Since ℓT is twice continuously differentiable on PT , we have by Taylor’s theorem that
for every p ∈ PT , there exists a δ ∈ [0, 1] such that

ℓT (p)− ℓT (0) = ST (0)
Tp+ 1

2
pTHT (δp)p

= ST (0)
Tp+ 1

2
pTHT (0)p+ pTRT (δp)p (B.4)

where RT (p) := HT (p)−HT (0). By Proposition B.1, RT (p)
p→ 0 on Lucc(Rk+2), and hence

ℓT (p)− ℓT (0)
d→ STp+ 1

2
pTHp

on Lucc(Rk+2). Since H is a.s. negative definite, the r.h.s. almost surely has an unique
maximiser at p∗ := −H−1S. With the aid of a convex reparametrisation of ℓT , we then
have the following, whose proof appears in Appendix B.3

Proposition B.2. If p̂T = (r̂T , ĥT ) ∈ argmaxp∈PT
ℓT (p) for all T , then p̂T

d→ p∗.

Since we may evidently take p̂T = Dp,T (π̂T − πT,0) in the preceding, it follows that

Dp,T (π̂T − πT,0)
d→ −H−1S.

B.2 Proof of Proposition B.1

Partition the first and second partial derivatives of gt(p) as

∇pgt(p) =

[
∇r

∇h

]
gt(p) =:

[
Sr,t(p)

Sh,t(p)

]
=: St(p),

∇ppgt(p) =

[
∇rr ∇hr

∇rh ∇hh

]
gt(p) =

[
Hrr,t(p) Hhr,t(p)

Hrh,t(p) Hhh,t(p)

]
=: Hpp,t(p).

Recalling the definition of the inverse Mills ratio (see the text preceding the statement of
Lemma A.4), differentiation and straightforward algebra then yields

Sr,t(p) = ϑT

[
ϑT (ut − zTt−1,T r)1{yt > 0} − λ[ϑT (z

T
t−1,T r − vt)]1{yt = 0}

]
zt−1,T , (B.5)
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where we have suppressed the argument of ϑT (h) to reduce notational clutter, and

Hrr,t(p) = −ϑ2
T

[
1{yt > 0}+ λ′[ϑT (z

T
t−1,T r − vt)]1{yt = 0}

]
zt−1,T z

T
t−1,T . (B.6)

Similarly, differentiating with respect to h yields

Sh,t(p) = T−1/2{[ϑ−1
T − ϑT (ut − zTt−1,T r)

2]1{yt > 0} (B.7)

− (zTt−1,T r − vt)λ[ϑT (z
T
t−1,T r − vt)]1{yt = 0}}

and

Hhh,t(p) = T−1{[−ϑ−2
T − (ut − zTt−1,T r)

2]1{yt > 0} (B.8)

− (zTt−1,T r − vt)
2λ′[ϑT (z

T
t−1,T r − vt)]1{yt = 0}}.

Finally,

Hrh,t(p) = T−1/2ϑ−1
T Sr,t(p) (B.9)

+ T−1/2ϑT zt−1,T [(ut − zTt−1,T r)1{yt > 0}

− (zTt−1,T r − vt)λ
′[ϑT (z

T
t−1,T r − vt)]1{yt = 0}].

B.2.1 Proof of part (i)

By construction, the process

ST (0) :=

[
Sr,T (0)

Sh,T (0)

]
:=

T∑
t=1

[
Sr,t(0)

Sh,t(0)

]

is a martingale (see e.g. Hall and Heyde, 1980, Ch. 6). It follows from evaluating (B.5) at
p = 0 (so that ϑ = ϑ0), in particular, that

Sr,T (0) =
T∑
t=1

zt−1,Tmt,

where

mt := ϑ0 [ϑ0ut1{yt > 0} − λ[ϑ0(−vt)]1{yt = 0}]

= ϑ0 [ϑ0ut1{yt > 0} − λ(ϑ0xt−1)1{yt = 0}]

is a martingale difference sequence. We first show the following.
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Lemma B.3. Suppose A1–A4 and B hold. Then

Sr,T (0) = ϑ2
0

T∑
t=1

zt−1,Tut + op(1) =: Mr,T + op(1)

Proof. Consider

ϑ2
0Et−1u

2
t1{yt > 0} = ϑ2

0Et−1u
2
t1{xt−1 + ut > 0} = Et−1(ϑ0ut)

21{ϑ0ut > −ϑ0xt−1}

=

∫ ∞

−ϑ0xt−1

u2φ(u) du = −ϑ0xt−1φ(ϑ0xt−1) + Φ(ϑ0xt−1) (B.10)

since ϑ0ut ∼ N [0, 1] under B, and because∫ ∞

−z

u2φ(u) du = −
∫ ∞

−z

uφ′(u) du = −[uφ(u)]∞−z +

∫ ∞

−z

φ(u) du

= −zφ(−z) + [1− Φ(−z)] = −zφ(z) + Φ(z)

via integration by parts. Further, since yt = 0 if and only if xt−1 + ut ≤ 0,

Et−1λ
2(ϑ0xt−1)1{yt = 0} = λ2(ϑ0xt−1)Et−11{ϑ0ut ≤ −ϑ0xt−1}

= λ2(ϑ0xt−1)Φ(−ϑ0xt−1) = φ(θ0xt−1)λ(ϑ0xt−1). (B.11)

Similarly,

Et−1ϑ0utλ(ϑ0xt−1)1{yt = 0} = λ(ϑ0xt−1)Et−1ϑ0ut1{ϑ0ut ≤ −ϑ0xt−1}

= λ(ϑ0xt−1)

∫ −ϑ0xt−1

−∞
uφ(u) du = −φ(ϑ0xt−1)λ(ϑ0xt−1)

(B.12)

since ∫ −z

−∞
uφ(u) du = −

∫ −z

−∞
φ′(u) du = −φ(−z) = −φ(z).

Since the events {yt > 0} and {yt = 0} are mutually exclusive, it follows from (B.10)
and (B.11) that

Et−1m
2
t = ϑ2

0

[
ϑ2
0Et−1u

2
t1{yt > 0}+ λ2(ϑ0xt−1)1{yt = 0}

]
= ϑ2

0 [−ϑ0xt−1φ(ϑ0xt−1) + Φ(ϑ0xt−1) + φ(θ0xt−1)λ(ϑ0xt−1)] =: ϑ
2
0Ψ0(ϑ0xt−1)

and from (B.10) and (B.12) that

Et−1mtut = ϑ2
0Et−1u

2
t1{yt > 0} − ϑ0Et−1utλ(ϑ0xt−1)1{yt = 0}

= −ϑ0xt−1φ(ϑ0xt−1) + Φ(ϑ0xt−1) + φ(ϑ0xt−1)λ(ϑ0xt−1) = Ψ0(ϑ0xt−1)
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where Ψ0 is bounded, and Ψ0(z) → 1 as z → ∞. Hence

Et−1(mt − ϑ2
0ut)

2 = Et−1m
2
t − 2ϑ2

0Et−1mtut + ϑ4
0Et−1u

2
t = ϑ2

0[1−Ψ0(ϑ0xt−1)]. (B.13)

Finally, we note additionally that for each δ > 0, there exists a C < ∞ such that

Et−1|mt|2+δ ≤ ϑ2+δ
0 C

[
ϑ2+δ
0 Et−1|ut|2+δ + λ2+δ(ϑ0xt−1)Et−11{ϑ0ut ≤ −ϑ0xt−1}

]
≤ ϑ2+δ

0 C
[
ϑ2+δ
0 E|u1|2+δ + λ2+δ(ϑ0xt−1)[1− Φ(ϑ0xt−1)]

]
, (B.14)

which is bounded by a constant, since in particular

λ2+δ(z)[1− Φ(z)] = φ(z)λ1+δ(z) → 0

as z → +∞, by Lemma A.4.
Deduce from (B.13) and (B.14) (with δ = 2) that the martingale

MT :=
T∑
t=1

zt−1,T (mt − ϑ2
0ut)

has conditional variance

∥⟨MT ⟩∥ =

∥∥∥∥∥
T∑
t=1

Et−1(mt − ϑ2
0ut)

2zt−1,T z
T
t−1,T

∥∥∥∥∥
≤ ϑ2

0

T∑
t=1

[1−Ψ0(ϑ0xt−1)]∥zt−1,T∥2

≤ ϑ2
0

(
T∑
t=1

[1−Ψ0(ϑ0xt−1)]
2

)1/2( T∑
t=1

∥zt−1,T∥4
)1/2

= op(1)

by Lemmas A.2(iii) and A.3(v). Hence MT = op(1) by Corollary 3.1 in Hall and Heyde
(1980).

Regarding the other component of ST (0), we have from evaluating (B.7) at p = 0 that

Sh,T (0) = T−1/2

T∑
t=1

[(ϑ−1
0 − ϑ0u

2
t )1{yt > 0}+ vtλ(−ϑ0vt)1{yt = 0}]

= T−1/2

T∑
t=1

[(ϑ−1
0 − ϑ0u

2
t )1{yt > 0} − xt−1λ(ϑ0xt−1)1{yt = 0}].

Lemma B.4. Suppose A1–A4 and B hold. Then

Sh,T (0) = T−1/2

T∑
t=1

(ϑ−1
0 − ϑ0u

2
t ) + op(1) =: Mh,T + op(1)
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Proof. We have

Sh,T (0) = T−1/2

T∑
t=1

(ϑ−1
0 − ϑ0u

2
t )− T−1/2

T∑
t=1

1{yt = 0}[(ϑ−1
0 − ϑ0u

2
t ) + xt−1λ(ϑ0xt−1)]

=: T−1/2

T∑
t=1

(ϑ−1
0 − ϑ0u

2
t ) + ∆T .

Since Et−1(ϑ
−1
0 − ϑ0u

2
t ) = 0, the first r.h.s. term is a martingale, and hence so too is ∆T .

We have the bound

⟨∆T ⟩ ≤ 2T−1

T∑
t=1

Et−11{yt = 0}[(ϑ−1
0 − ϑ0u

2
t )

2 + x2
t−1λ

2(ϑ0xt−1)].

To show the the r.h.s. is op(1) we first note that, similarly to the argument that yielded
(B.11) and (B.14) above, for any δ ≥ 0,

Et−11{yt = 0}|xt−1|2+δλ2+δ(ϑ0xt−1) = |xt−1|2+δλ2+δ(ϑ0xt−1)Φ(−ϑ0xt−1)

= ϑ
−(2+δ)
0 |ϑ0xt−1|2+δλ1+δ(ϑ0xt−1)φ(ϑ0xt−1)

=: ϑ
−(2+δ)
0 Gδ(ϑ0xt−1), (B.15)

where Gδ is bounded, and Gδ(z) → 0 as z → +∞, by Lemma A.4. Further, by Hölder’s
inequality and Lemma A.3(iii), for any δ > 0,

T−1

T∑
t=1

1{yt = 0}(ϑ−1
0 − ϑ0u

2
t )

2

≤ T−1

(
T∑
t=1

(
1

ϑ0

− ϑ0u
2
t

)2(1+δ)
)1/(1+δ)( T∑

t=1

1{yt = 0}

)δ/(1+δ)

p→ 0.

Since ∥∥∥∥∥T−1

T∑
t=1

(
1

ϑ0

− ϑ0u
2
t

)2

1{yt = 0}

∥∥∥∥∥
1+δ

≤

∥∥∥∥∥
(

1

ϑ0

− ϑ0u
2
1

)2
∥∥∥∥∥
1+δ

< ∞

it follows that the preceding convergence also holds in L1. Hence by the above and
Lemma A.2(iii),

⟨∆T ⟩ ≤ op(1) + 2ϑ−1
0 T−1

T∑
t=1

G0(ϑ0xt−1) = op(1).

Deduce that ∆T = op(1) by Corollary 3.1 in Hall and Heyde (1980).

In view of Lemmas B.3 and B.4, it remains to determine the (joint) limiting distri-
bution of the martingales Mr,T and Mh,T , whose definitions appear in the statements of
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those lemmas. Note

Mr,T = ϑ2
0

T∑
t=1

 T−1/2

T−1yt−1

T−1/2∆yt−1

ut =:

Ma,T

Mc,T

Mf ,T

 .

We first consider Mf ,T . By Lemma A.1(ii), this has conditional variance

ϑ4
0T

−1

T∑
t=1

∆yt−1∆yT
t−1Et−1u

2
t

p→ σ−2
0 Ω,

where the convergence holds in probability since the limit is degenerate. Further, by that
same result,

T∑
t=1

∥zt−1,T∥4Et−1|ut|4 ≤ C

T∑
t=1

∥zt−1,T∥4 = Op(T
−1)

so that Mf ,T satisfies a conditional Lyapunov condition (and therefore also a conditional
Lindeberg condition). Hence by Corollary 3.1 in Hall and Heyde (1980),

Mf ,T
d→ σ−1

0 Ω1/2ξ(1), (B.16)

where ξ(1) ∼ N [0, Ik]. Next, since Mh,T is merely the (scaled) sum of i.i.d. random
variables (with finite variances), and

E(ϑ−1
0 − ϑ0u

2
t )

2 = σ2
0E(1− (σ−1

0 ut)
2)2 = σ2

0(1− 2 + 3) = 2σ2
0,

since σ−1
0 ut ∼ N [0, 1], it also follows by the central limit theorem that

Mh,T
d→ 21/2σ0ξ(2) (B.17)

for ξ(2) ∼ N [0, 1].
Our next step is to establish that the marginal convergences (B.16) and (B.17) hold

jointly with the weak convergence of (Ma,T ,Mc,T ), to mutually independent limits. To
that end, we first observe that Ma,T = ϑ2

0UT (1), where UT (τ) := T−1
∑⌊τT ⌋

t=1 ut. Now fix
{λi}mi=1 ⊂ [0, 1] with λi < λi+1, and consider the martingale

NT ({λi}) := T−1/2

T∑
t=1



1{λ1 < t/T ≤ λ2}ut

...

1{λm−1 < t/T ≤ λm}ut

∆yt−1ut

(ϑ−1
0 − ϑ0u

2
t )


=



UT (λ1, λ2)
...

UT (λm−1, λm)

Mf ,T

Mh,T


,

27



where UT (λ1, λ2) = UT (λ2)−UT (λ1). Since each element of the above satisfies a conditional
Lindeberg condition, by Corollary 3.1 in Hall and Heyde (1980), and the Cramér–Wold
device, it suffices to show that all their conditional covariances converge in probability to
zero. We have

⟨UT (λi−1, λi),Mf ,T ⟩ = T−1

T∑
t=1

1{λi−1 < t/T ≤ λi}∆yt−1Et−1u
2
t

= σ2
0T

−1

⌊λiT ⌋∑
t=⌊λi−1T ⌋+1

∆yt−1

= σ2
0T

−1(y⌊λiT ⌋ − y⌊λi−1T ⌋) = Op(T
−1/2)

by Theorem 3.2 in Bykhovskaya and Duffy (2024),

⟨UT (λi−1, λi),Mh,T ⟩ = T−1

T∑
t=1

1{λi−1 < t/T ≤ λi}Et−1(ϑ
−1
0 − ϑ0u

2
t )ut = 0,

and for i ̸= j,
⟨UT (λi−1, λi),UT (λj−1, λj)⟩ = 0.

It follows that NT ({λi}) weakly converges to a normal random vector with variance matrix

diag{σ2
0(λ2 − λ1), . . . , σ

2
0(λm − λm−1), σ

2
0Ω, 2σ

2
0}.

Deduce that (B.16) and (B.17) hold jointly with UT (·)
d→ σ0W (·) (the latter, on D[0, 1], by

the functional central limit theorem), with ξ(1), ξ(2) and W being mutually independent.
Finally, we note that by Theorem 3.2 in Bykhovskaya and Duffy (2024) and The-

orem 2.1 in Liang et al. (2016), the convergences[
Ma,T

Mc,T

]
= ϑ2

0

[
UT (1)

T−1
∑T

t=1 yt−1ut

]
d→ σ−2

0

[
σ0W (1)

σ0

∫ 1

0
Y (τ) dW (τ)

]
= σ−1

0

[
W (1)∫ 1

0
Y (τ) dW (τ)

]

hold jointly with YT
d→ Y and UT

d→ σ0W (on D[0, 1]). Since Y is a function only of W , it
follows that the preceding holds jointly with (B.16) and (B.17), to mutually independent
limits.

B.2.2 Proof of part (ii)

We partition the Hessian as

HT (p) =

[
Hrr,T (p) Hhr,T (p)

Hrh,T (p) Hhh,T (p)

]
:=

T∑
t=1

[
Hrr,t(p) Hhr,t(p)

Hrh,t(p) Hhh,t(p)

]
,
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and consider each of these components in turn.

Hrr,T . From (B.6), we have

Hrr,T (p) = −
T∑
t=1

ϑ2
T (h)

[
1{yt > 0}+ λ′[ϑT (h)(z

T
t−1,T r − vt)]1{yt = 0}

]
zt−1,T z

T
t−1,T

= −ϑ2
T (h)

T∑
t=1

1{yt > 0}zt−1,T z
T
t−1,T

− ϑ2
T (h)

T∑
t=1

1{yt = 0}λ′[ϑT (h)(z
T
t−1,T r − vt)]zt−1,T z

T
t−1,T

=: H0
rr,T (p) +Rrr,T (p), (B.18)

where H0
rr,T (p) depends on p only through h. Further,

T∑
t=1

1{yt > 0}zt−1,T z
T
t−1,T =

T∑
t=1

zt−1,T z
T
t−1,T −

T∑
t=1

1{yt = 0}zt−1,T z
T
t−1,T

d→ QZZ

by Lemma A.3(i) and the fact that, by the Cauchy–Schwarz (CS) inequality,∥∥∥∥∥
T∑
t=1

1{yt = 0}zt−1,T z
T
t−1,T

∥∥∥∥∥
2

≤
T∑
t=1

1{yt = 0}
T∑
t=1

∥zt−1,T∥4 = op(T ) ·Op(T
−1) = op(1)

by parts (iii) and (v) of Lemma A.3. Since ϑ2
T (h)

p→ ϑ2
0 uniformly on compacta, it therefore

follows that H0
rr,T (p)

d→ ϑ2
0QZZ on Lucc(Rk+2).

Regarding the second r.h.s. term in (B.18), we note by Lemma A.4 |λ′(x)| is bounded,
so there exists a C < ∞ such that

∥Rrr,T (p)∥ ≤ Cϑ2
T (h)

T∑
t=1

1{yt = 0}∥zt−1,T∥2

The sum on the r.h.s. is op(1), since parts (iii) and (v) of Lemma A.3, and the CS
inequality, yield(

T∑
t=1

1{yt = 0}∥zt−1,T∥2
)2

≤
T∑
t=1

1{yt = 0}
T∑
t=1

∥zt−1,T∥4 = op(1). (B.19)

Deduce that Rrr,T (p)
p→ 0 uniformly on compacta, whence Hrr,T (p)

d→ ϑ2
0QZZ on Lucc(Rk+2).
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Hhh,T . From (B.8), we have

Hhh,T (p) = −T−1

T∑
t=1

(ϑ−2
T (h) + u2

t ) + T−1

T∑
t=1

(ϑ−2
T (h) + u2

t )1{yt = 0}

+ T−1

T∑
t=1

[2(zTt−1,T r)ut − (zTt−1,T r)
2]1{yt > 0}

− T−1

T∑
t=1

(zTt−1,T r − vt)
2λ′[ϑT (h)(z

T
t−1,T r − vt)]1{yt = 0}}

=: H0
hh,T (p) +R1

hh,T (p) +R2
hh,T (p) +R3

hh,T (p),

where, by the law of large numbers (LLN),

H0
hh,T (p) = −ϑ−2

T (h)− T−1

T∑
t=1

u2
t

p→ −2σ2
0

on Lucc(Rk+2). Regarding the Ri
hh,T terms, we first note that by the CS inequality and

Lemma A.3(iii)

|R1
hh,T (p)| ≤ ϑ−2

T (h)T−1

T∑
t=1

1{yt = 0}+ T−1

(
T∑
t=1

1{yt = 0}

)1/2( T∑
t=1

u4
t

)1/2

p→ 0

uniformly on compacta. Moreover, by parts (i) and (iv) of Lemma A.3,

|R2
hh,T (p)| ≤ 2∥r∥

∥∥∥∥∥T−1

T∑
t=1

zt−1,Tut1{yt > 0}

∥∥∥∥∥+ ∥r∥2T−1

T∑
t=1

∥zt−1,T∥2

= 2∥r∥op(T−1/2) + ∥r∥2Op(T
−1)

p→ 0

uniformly on compacta. Finally, by Lemma A.4 there exists a C < ∞ such that

|R3
hh,T (p)| ≤ CT−1

T∑
t=1

1{yt = 0}(∥r∥2∥zt−1,T∥2 + |vt|2)

= C

[
∥r∥2T−1

T∑
t=1

1{yt = 0}∥zt−1,T∥2 + T−1

T∑
t=1

1{yt = 0}|vt|2
]
.

That both of the sums on the r.h.s. are op(1) then follows from (B.19) above, and
Lemma A.3(vi). Deduce that R3

hh,T (p)
p→ 0 uniformly on compacta. It follows that

Hhh,T (p)
p→ −2σ2

0 on Lucc(Rk+2).
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Hrh,T . We have from (B.9) above that

Hrh,T (p) = ϑ−1
T (h)T−1/2Sr,T (p)

+ ϑT (h)T
−1/2

T∑
t=1

1{yt > 0}zt−1,T (ut − zTt−1,T r)

− ϑT (h)T
−1/2

T∑
t=1

1{yt = 0}zt−1,T (z
T
t−1,T r − vt)λ

′[ϑT (z
T
t−1,T r − vt)]

=: T−1/2ϑ−1
T (h)Sr,T (p) + ϑT (h)R1

r,T (p) + ϑT (h)R2
r,T (p).

It follows from parts (i) and (iv) of Lemma A.3 that

|R1
r,T (p)| ≤

∥∥∥∥∥T−1/2

T∑
t=1

1{yt > 0}zt−1,Tut

∥∥∥∥∥+ ∥r∥2T−1/2

T∑
t=1

∥zt−1,T∥2
p→ 0

uniformly on compacta. Moreover, by Lemma A.4 there exists a C < ∞ such that

|R2
r,T (p)| ≤ CT−1/2

T∑
t=1

1{yt = 0}∥zt−1,T∥(∥r∥∥zt−1,T∥+ |vt|)

≤ CT−1/2

[
∥r∥

T∑
t=1

∥zTt−1,T∥2 +
T∑
t=1

1{yt = 0}∥zTt−1,T∥|vt|

]

That each of the sums on the r.h.s. is op(T 1/2) follows from parts (i) and (vi) of Lemma A.3,
noting in particular that

T∑
t=1

1{yt = 0}∥zTt−1,T∥|vt| ≤

(
T∑
t=1

∥zTt−1,T∥2
)1/2( T∑

t=1

1{yt = 0}|vt|2
)1/2

= op(T
1/2)

(B.20)
by the CS inequality. Deduce that R2

r,T (p)
p→ 0 uniformly on compacta. Finally, we have

from (B.5) that

Sr,T (p) = ϑ2
T (h)

T∑
t=1

zt−1,T (ut − zTt−1,T r)1{yt > 0}

− ϑT (h)
T∑
t=1

zt−1,Tλ[ϑT (h)(z
T
t−1,T r − vt)]1{yt = 0}.

It follows from Lemma A.4 that there exists a C < ∞ such that

λ[ϑT (h)(z
T
t−1,T r − vt)] ≤ C[1 + ϑT (h)(∥r∥∥zt−1,T∥+ |vt|)].
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Hence

|Sr,T (p)| ≤ ϑ2
T (h)

∥∥∥∥∥
T∑
t=1

zt−1,Tut1{yt > 0}

∥∥∥∥∥+ ∥r∥ϑ2
T (h)

T∑
t=1

∥zt−1,T∥2

+ CϑT (h)

[
T∑
t=1

1{yt = 0}∥zt−1,T∥+ ϑT (h)∥r∥
T∑
t=1

∥zt−1,T∥2

+ ϑT (h)
T∑
t=1

1{yt = 0}∥zt−1,T∥|vt|

]
.

That each of the sums on the r.h.s. are op(T
1/2) follows from parts (i) and (vi) of

Lemma A.3, (B.20) above, and the fact that

T∑
t=1

1{yt = 0}∥zt−1,T∥ ≤

(
T∑
t=1

1{yt = 0}

)1/2( T∑
t=1

∥zt−1,T∥2
)1/2

= op(T
1/2)

by the CS inequality. Deduce that T−1/2Sr,T (p)
p→ 0 uniformly on compacta. Hence

Hrh,T (p)
p→ 0 uniformly on compacta.

Joint convergence of ST (0) and HT (p). It follows from the preceding that HT (p)
d→ H

on Lucc(Rk+2). In view of Lemma A.3(i), this convergence holds jointly with UT
d→

σ0W , with H being σ(W )-measurable. We have shown in the proof of part (i) that the
convergence ST (0)

d→ S also holds jointly with UT
d→ σ0W , with each element of S either

being σ(W )-measurable, or independent of W . Deduce that ST (0)
d→ S jointly with

HT (p)
d→ H, as claimed.

B.3 Proof of Proposition B.2

Given r ∈ Rk+1, h ∈ R and T ∈ N, define r̃ ∈ Rk+1 to be such that r = ϑ−1
T (h)r̃. Similarly,

to Olsen (1978), setting pT (r̃, h) := (ϑ−1
T (h)r̃T, h)T, we have

ℓ̃T (r̃, h) := ℓT [pT (r̃, h)]

= NT [log ϑT (h)− 1
2
log 2π]− 1

2
ϑ2
T (h)

T∑
t=1

(ut − ϑ−1
T (h)zTt−1,T r̃)

21{yt > 0}

+
T∑
t=1

1{yt = 0} log{1− Φ[ϑT (h)(ϑ
−1
T (h)zTt−1,T r̃ − vt)]}

= NT [log(ϑ0 + T−1/2h)− 1
2
log 2π]− 1

2

T∑
t=1

(ϑ0ut + hT−1/2ut − zTt−1,T r̃)
21{yt > 0}

+
T∑
t=1

1{yt = 0} log{1− Φ[(zTt−1,T r̃ − hT−1/2vt − ϑ0vt)]}.
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The penultimate line in the preceding display is clearly concave in (r̃, h), while the con-
cavity of the final line follows from log-concavity of the normal distribution (e.g. Bagnoli
and Bergstrom, 2005). Hence ℓ̃T is concave.

It follows from (B.4) that for every (r̃, h) ∈ Rk+2 and T sufficiently large, there exists
a λ ∈ [0, 1] such that

ℓ̃T (r̃, h)− ℓ̃T (0, 0) = ℓT [pT (r̃, h)]− ℓT (0)

= ST (0)
TpT (r̃, h) +

1
2
pT (r̃, h)

THT (0)pT (r̃, h)

+ pT (r̃, h)
TRT [λpT (r̃, h)]pT (r̃, h).

Since for each (r̃, h) ∈ Rk+2,

pT (r̃, h) =

[
ϑ−1
T (h)r̃

h

]
→

[
ϑ−1
0 r̃

h

]
=

[
ϑ−1
0 Ik+1 0

0 1

][
r̃

h

]
=: Mp̃

and RT (p)
p→ 0 uniformly on compacta, it follows that

ℓ̃T (p̃)− ℓ̃T (0)
d→ ST(Mp̃) + 1

2
(Mp̃)TH(Mp̃)

in the sense of finite-dimensional convergence. Since both the left and right hand sides of
the preceding display are concave, the l.h.s. is maximised at (ϑT (ĥT )r̂T , ĥT ) and the r.h.s.
almost surely has an unique maximum at p̃∗ := −M−1H−1S, it follows by Lemma A in
Knight (1989) that

M−1p̂T =

[
ϑT (ĥT )r̂T

ĥT

]
+ op(1)

d→ p̃∗ = −M−1H−1S.

C Censored least absolute deviations

C.1 Proof of Theorem 3.2

The CLAD estimators ρ̂L
T := (α̂L

T , β̂
L
T , ϕ̂

L
T ) are minimisers of

ST (ρ) := ST (α, β,ϕ) :=
T∑
t=1

|yt − [α + βyt−1 + ϕT∆yt−1]+| (C.1)

over Π. To economise on notation, in this section we shall generally write α̂L
T as merely

α̂T , etc. Our first result establishes that β̂T concentrates in a Op(T
−1/2) neighbourhood

of βT,0; its proof appears in Appendix C.2 below.

Proposition C.1. Suppose A1–A4 and C hold. Then T 1/2(β̂T − βT,0) = Op(1).
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In view of the preceding, it will be convenient to work with the following reparamet-
risation of the model

ϖ :=

α− αT,0

δ

ϕ− ϕ0

 :=

 α− αT,0

T 1/2(β − βT,0)

ϕ− ϕ0

 .

Since Proposition C.1 implies that for any ϵ > 0 we may choose M < ∞ such that
lim infT→∞ P{|δ̂T | ≤ M} > 1 − ϵ/2, we shall henceforth treat the parameter space Π̄ for
ϖ as though it were compact. (Recall that the parameter spaces for α and ϕ are compact
under Assumption C.) Similarly to Appendix B, we define the local parameters

r :=

ac
f

 =

T
1/2 0 0

0 T 0

0 0 T 1/2


α− αT,0

β − βT,0

ϕ− ϕ0

 = T 1/2

α− αT,0

δ

ϕ− ϕ0

 = T 1/2ϖ,

and denote the systematic part of the r.h.s. of the model (2.1), evaluated at the true
parameters, as

xt−1 := αT,0 + βT,0yt−1 + ϕT
0∆yt−1. (C.2)

We may then rewrite the part of the LAD criterion function (C.1) that depends on ρ =

(α, β,ϕT)T in terms of the local parameters ϖ or r as

α + βyt−1 + ϕT∆yt−1 = xt−1 +ϖTZt−1,T = xt−1 + rTzt−1,T ,

where, recalling (A.3) above,

zt−1,T =

 T−1/2

T−1yt−1

T−1/2∆yt−1

 , Zt−1,T :=

 1

T−1/2yt−1

∆yt−1

 = T 1/2zt−1,T .

To establish the rate of convergence and thence the limiting distribution of the CLAD
estimator, we will need to consider (appropriately scaled) counterparts of the CLAD
criterion in terms of both ϖ and r, defined here (making a slight abuse of notation in
reusing ST ) as

ST (ϖ) :=
1

T

T∑
t=1

|yt − [xt−1 +ϖTZt−1,T ]+|, ST (r) :=
T∑
t=1

|yt − [xt−1 + rTzt−1,T ]+|.

The first of these will be used to establish the rate of convergence, while the second will
help us to derive the limiting distribution. Because {yt} is nonstationary, the appropriate
centring for each of these functions is given not by their unconditional expectations, but
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instead by

S̄T (ϖ) :=
1

T

T∑
t=1

Et−1|yt − [xt−1 +ϖTZt−1,T ]+|

S̄T (r) :=
T∑
t=1

Et−1|yt − [xt−1 + rTzt−1,T ]+|.

Define the associated recentred criterion functions

UT (ϖ) := ST (ϖ)− S̄T (ϖ), UT (r) := ST (r)− S̄T (r),

and let {et} denote the (bounded) martingale difference sequence defined by

et := sgn([xt−1 + ut]+ − [xt−1]+)− Et−1 sgn([xt−1 + ut]+ − [xt−1]+). (C.3)

Our main results on the asymptotics of these functions are the following.

Proposition C.2. Suppose A1–A4 and C hold.

(i) For every ϵ, δ > 0, there exists an η > 0 such that

lim inf
T→∞

P
{

inf
∥ϖ∥≥δ

[S̄T (ϖ)− S̄T (0)] > η

}
≥ 1− ϵ.

(ii) For every ϵ > 0, there exist δ, η > 0 such that

lim inf
T→∞

P{S̄T (ϖ)− S̄T (0) ≥ η∥ϖ∥2, ∀∥ϖ∥ ≤ δ} ≥ 1− ϵ. (C.4)

(iii) Uniformly on compact subsets of Rk+1, for QZZ defined in Lemma A.3(i),

S̄T (r)− S̄T (0)
d→ fu(0)r

TQZZr.

Proposition C.3. Suppose A1–A4 and C hold. Define Zt,T :=
∑t

s=0∥zs,T∥2.

(i) For every ϵ > 0, there exist Cϵ, Kϵ < ∞ such that P{ZT−1,T > Kϵ} < ϵ, and

P

{
sup

∥ϖ∥≤δ

T 1/2|UT (ϖ)− UT (0)| ≥ κ, ZT−1,T ≤ Kϵ

}
<

Cϵδ

κ
(C.5)

for all δ, κ > 0, for all T sufficiently large.

(ii) {UT (r)} is stochastically equicontinuous on Rk+1.
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(iii) For each r = (a, c,fT)T ∈ Rk+1,

UT (r)− UT (0) = −rT
T∑
t=1

zt−1,T et + op(1)

d→ −rTζ = −
∫ 1

0

[a+ cY (τ)] dW̃ (τ)− fTξ

where
ζ :=

[
W̃ (1)

∫ 1

0
Y (τ) dW̃ (τ) ξT

]T
for (σ0W, W̃ ) a bivariate Brownian motion with covariance matrix

V

[
σ0W (1)

W̃ (1)

]
=

[
Eu2

t E|ut|
E|ut| 1

]
,

and ξ ∼ N [0,Ω] independent of (W, W̃ ).

We may now finally proceed with the proof.

Proof of Theorem 3.2. We want to derive the limiting distribution of

Dr,T (ρ̂T − ρT,0) = T 1/2ϖ̂T = r̂T .

By definition, r̂T minimises

ST (r)− ST (0) = [S̄T (r)− S̄T (0)] + [UT (r)− UT (0)]
d→ fu(0)r

TQZZr − rTζ (C.6)

where the convergence holds on Lucc(Rk+1), by Propositions C.2(iii), C.3(ii) and C.3(iii).
The r.h.s. defines a continuous function of r, which since QZZ is a.s. positive definite (by
Lemma A.3(i)) also has a unique minimum a.s. Therefore, once we have shown below
that

r̂T = Op(1) (C.7)

it will follow by the argmax continuous mapping theorem (Theorem 3.2.2 in Van der
Vaart and Wellner, 1996) that r̂T converges in distribution to the minimiser of the r.h.s.
of (C.6), i.e.

r̂T
d→ 1

2fu(0)
Q−1

ZZζ.

It remains to show (C.7): equivalently, that T 1/2ϖ̂T = Op(1). Although we cannot ap-
ply their result directly, the argument used here closely follows the proof of Theorem 3.2.5
in Van der Vaart and Wellner (1996). Let ϵ > 0, and note that, for ZT−1,T as appears in
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Proposition C.3(i), we may choose K such that for every L > 0,

P{T 1/2∥ϖ̂T∥ > L} ≤ P{T 1/2∥ϖ̂T∥ > L, ZT−1,T ≤ K}+ P{ZT−1,T > K}

≤ P{T 1/2∥ϖ̂T∥ > L, ZT−1,T ≤ K}+ ϵ (C.8)

for all T sufficiently large. Further, by defining the ‘shells’

Π̄j,T := {ϖ ∈ Π̄ | 2j < T 1/2∥ϖ∥ ≤ 2j+1}

for j ∈ N, we obtain for any M ∈ N and γ > 0 that

P{T 1/2∥ϖ̂T∥ > 2M , ZT−1,T ≤ K}

≤ P

 ⋃
j≥M

2j≤T 1/2γ

{ϖ̂T ∈ Π̄j,T , ZT−1,T ≤ K}

+ P{∥ϖ̂T∥ ≥ γ, ZT−1,T ≤ K}. (C.9)

We will now show that the r.h.s. can be made arbitrarily small, for all T sufficiently large,
by choice of M .

Regarding the final r.h.s. probability in (C.9), we note that if ∥ϖ̂T∥ ≥ γ, then we must
have the first inequality in

0 ≥ inf
∥ϖ∥≥γ

[ST (ϖ)− ST (0)] ≥ inf
∥ϖ∥≥γ

[S̄T (ϖ)− S̄T (0)] + inf
∥ϖ∥≥γ

[UT (ϖ)− UT (0)]

where the second inequality follows from the decomposition ST = S̄T + UT . This further
implies the first inequality in

inf
∥ϖ∥≥γ

[S̄T (ϖ)− S̄T (0)] ≤ − inf
∥ϖ∥≥γ

[UT (ϖ)− UT (0)] ≤ sup
ϖ∈Π

|UT (ϖ)− UT (0)|

whence

P{∥ϖ̂T∥ ≥ γ, ZT−1,T ≤ K}

≤ P
{
sup
ϖ∈Π

|UT (ϖ)− UT (0)| ≥ inf
∥ϖ∥≥γ

[S̄T (ϖ)− S̄T (0)], ZT−1,T ≤ K

}
.

In view of Proposition C.2(i), we may choose η > 0 such that

P
{

inf
∥ϖ∥≥γ

[S̄T (ϖ)− S̄T (0)] > η

}
> 1− ϵ/2
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for all T sufficiently large. Thus

P{∥ϖ̂T∥ ≥ γ, ZT−1,T ≤ K} ≤ P
{
sup
ϖ∈Π

|UT (ϖ)− UT (0)| ≥ η, ZT−1,T ≤ K

}
+ P

{
inf

∥ϖ∥≥γ
[S̄T (ϖ)− S̄T (0)] ≤ η

}
≤ P

{
sup
ϖ∈Π

|UT (ϖ)− UT (0)| ≥ η, ZT−1,T ≤ K

}
+ ϵ/2

for all T sufficiently large. Finally, taking κ = T 1/2η in Proposition C.3(i), and δ suffi-
ciently large that the δ-ball centred at zero contains the whole of Π̄, we obtain that for
some C depending only on ϵ,

P
{
sup
ϖ∈Π

|UT (ϖ)− UT (0)| ≥ η, ZT−1,T ≤ K

}
<

Cδ

T 1/2η
→ 0

as T → ∞. Deduce that

lim sup
T→∞

P{∥ϖ̂T∥ ≥ γ, ZT−1,T ≤ K} < ϵ. (C.10)

We next consider the events in the union on the r.h.s. of (C.9). Observe that the largest
value that ∥ϖ∥ can take if ϖ lies in

⋃
{j∈N|2j≤T 1/2γ} Π̄j,T is bounded by 2γ. Without

disturbing the conclusion of (C.10), which holds for arbitrary γ > 0, we may take γ

sufficiently small that Proposition C.2(ii) applies for δ = 2γ and the ϵ > 0 given above;
i.e. there exists an η > 0 (in general, different from that given previously) such that for
the event

AT := {S̄T (ϖ)− S̄T (0) ≥ η∥ϖ∥2, ∀∥ϖ∥ ≤ 2γ} (C.11)

we have
lim inf
T→∞

P(AT ) ≥ 1− ϵ. (C.12)

This ensures that S̄T (ϖ)− S̄T (0) is minorised, with high probability, by η∥ϖ∥2 simultan-
eously on each of the Π̄j,T appearing on the r.h.s. of (C.9). We can accordingly bound

P

 ⋃
j≥M

2j≤T 1/2γ

{ϖ̂T ∈ Π̄j,T , ZT−1,T ≤ K}


≤

∑
j≥M

2j≤T 1/2γ

P
(
{ϖ̂T ∈ Π̄j,T , ZT−1,T ≤ K} ∩ AT

)
+ P(Ac

T ) (C.13)

such that the final term is eventually bounded by ϵ, while the minorisation of S̄T (ϖ) −
S̄T (0) holds for each of the events entering the sum.

38



Now ϖ̂T ∈ Π̄j,T implies the first inequality in

0 ≥ inf
ϖ∈Π̄j,T

[ST (ϖ)− ST (0)] ≥ inf
ϖ∈Π̄j,T

[S̄T (ϖ)− S̄T (0)] + inf
ϖ∈Π̄j,T

[UT (ϖ)− UT (0)]

whence, in view of Π̄j,T = {ϖ ∈ Π̄ | 2j < T 1/2∥ϖ∥ ≤ 2j+1}

inf
ϖ∈Π̄j,T

[S̄T (ϖ)− S̄T (0)] ≤ sup
∥ϖ∥≤T−1/22j+1

|UT (ϖ)− UT (0)|.

Hence, in view of (C.11), and the fact that ∥ϖ∥ is bounded below by T−1/22j for ϖ ∈ Π̄j,T ,

P
(
{ϖ̂T ∈ Π̄j,T , ZT−1,T ≤ K} ∩ AT

)
≤ P

({
sup

∥ϖ∥≤T−1/22j+1

|UT (ϖ)− UT (0)| ≥ inf
ϖ∈Π̄j,T

[S̄T (ϖ)− S̄T (0)], ZT−1,T ≤ K

}
∩ AT

)

≤ P

{
sup

∥ϖ∥≤T−1/22j+1

|UT (ϖ)− UT (0)| ≥ ηT−122j, ZT−1,T ≤ K

}

for all j ≥ M such that 2j ≤ T 1/2γ, for all T sufficiently large. Finally, we have by
Proposition C.3(i) with κ = ηT−1/222j and δ = T−1/22j+1 that for C depending only on ϵ,

P

{
sup

∥ϖ∥≤T−1/22j+1

|UT (ϖ)− UT (0)| ≥ ηT−122j, ZT−1,T ≤ K

}
≤ 2C

η
2−j (C.14)

for all j ≥ M such that 2j ≤ T 1/2γ, for all T sufficiently large. That is, the preceding
bound applies simultaneously to every summand on the r.h.s. of (C.13), for T sufficiently
large.

Thus it follows that, for all T sufficiently large,

P{T 1/2∥ϖ̂T∥ > 2M} ≤(1) P{T 1/2∥ϖ̂T∥ > 2M , ZT−1,T ≤ K}+ ϵ

≤(2)

∑
j≥M

2j≤T 1/2γ

P
(
{ϖ̂T ∈ Π̄j,T , ZT−1,T ≤ K} ∩ AT

)
+ P(Ac

T )

+ P{∥ϖ̂T∥ ≥ γ, ZT−1,T ≤ K}+ ϵ

≤(3)

∑
j≥M

2j≤T 1/2γ

2C

η
2−j + 3ϵ ≤ 2−M 4C

η
+ 3ϵ

where ≤(1) holds by (C.8) with L = 2M , ≤(2) by (C.9) and (C.13), and ≤(3) by (C.10),
(C.12) and (C.14). Since C depends on ϵ but not M , the r.h.s. can be made arbitrarily
small by suitable choice of ϵ > 0 and then M ∈ N. Thus T 1/2ϖ̂T = Op(1).
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C.2 Proofs of Propositions C.1–C.3

C.2.1 Preliminaries

For future use, we note the following identity (see also Herce, 1996, p. 150):

|A−B| − |A| = − sgn(A)B + 1{A = 0}|B|

+ 2(B − A)[1{B > A > 0} − 1{B < A < 0}]. (C.15)

In proving Propositions C.2 and C.3, we will make repeated use of the following, the proof
of which appears immediately below.

Lemma C.4. Suppose A1–A4 and C hold. Let wt−1 be Ft−1-measurable, and define

ℓt−1(wt−1) := [xt−1 + wt−1]+ − [xt−1]+

G(b, a) :=

∫ b

a

[Fu(u)− Fu(a)] du,

with the convention that
∫ b

a
v(x) dx = −

∫ a

b
v(x) dx when b < a. Then

Et−1{|yt − [xt−1 + wt−1]+| − |yt − [xt−1]+|}

=

∫ ∞

−∞
{|u− ℓt−1(wt−1)| − |u|}fu(u− [xt−1]−) du (C.16)

= 2ℓt−1(wt−1)[Fu(−[xt−1]−)− Fu(0)] + 2G{ℓt−1(wt−1)− [xt−1]−,−[xt−1]−}. (C.17)

Moreover, there exists a C < ∞ such that

|ℓt−1(wt−1)[Fu(−[xt−1]−)− Fu(0)]| ≤ C|wt−1|21{xt−1 < 0} (C.18)

and

|G{ℓt−1(wt−1)− [xt−1]−,−[xt−1]−} − 1
2
fu(−[xt−1]−)ℓ

2
t−1(wt−1)| ≤ C|wt−1|3. (C.19)

Proof. Letting (I)t−1 denote the l.h.s. of (C.16), we have

(I)t−1 =

∫ ∞

−∞
{|[xt−1 + u]+ − [xt−1 + wt−1]+| − |[xt−1 + u]+ − [xt−1]+|}fu(u) du

=

∫ ∞

−xt−1

{|xt−1 + u− [xt−1 + wt−1]+| − |xt−1 + u− [xt−1]+|}fu(u) du

+

∫ −xt−1

−∞
{[xt−1 + wt−1]+ − [xt−1]+}fu(u) du

=: (II)t−1 + (III)t−1
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where

(II)t−1 =

∫ ∞

−∞
{|xt−1 + u− [xt−1 + wt−1]+| − |xt−1 + u− [xt−1]+|}fu(u) du

−
∫ −xt−1

−∞
{|xt−1 + u− [xt−1 + wt−1]+| − |xt−1 + u− [xt−1]+|}fu(u) du

=: (IV)t−1 + (V)t−1.

Since xt−1 + u ≤ 0 for all u in the range of integration in (V)t−1, we have

(V)t−1 = −
∫ −xt−1

−∞
{([xt−1 + wt−1]+ − (xt−1 + u))− ([xt−1]+ − (xt−1 + u)}fu(u) du

= −
∫ −xt−1

−∞
{[xt−1 + wt−1]+ − [xt−1]+}fu(u) du

= −(III)t−1.

Deduce

(I)t−1 = (IV)t−1 + (V)t−1 + (III)t−1

=

∫ ∞

−∞
{|xt−1 + u− [xt−1 + wt−1]+| − |xt−1 + u− [xt−1]+|}fu(u) du

=

∫ ∞

−∞
{|u+ [xt−1]− − ([xt−1 + wt−1]+ − [xt−1]+)| − |u+ [xt−1]−|}fu(u) du

=

∫ ∞

−∞
{|u− ℓt−1(wt−1)| − |u|}fu(u− [xt−1]−) du (C.20)

as per (C.16), where the final equality follows by a change of variables.
To prove (C.17), we first apply the identity (C.15) with A = u and B = ℓt−1(wt−1) to

the term inside the braces in the preceding display. Since u = 0 has Lebesgue measure
zero, this yields

(I)t−1 = −
∫ ∞

−∞
sgn(u)ℓt−1(wt−1)fu(u− [xt−1]−) du

+ 2

∫ −∞

∞
[ℓt−1(wt−1)− u]

· [1{ℓt−1(wt−1) > u > 0} − 1{ℓt−1(wt−1) < u < 0}]fu(u− [xt−1]−) du

=: (VI)t−1 + 2(VII)t−1.

For (VI)t−1, we have

(VI)t−1 = −ℓt−1(wt−1)

[∫ ∞

0

fu(u− [xt−1]−) du−
∫ 0

−∞
fu(u− [xt−1]−) du

]
= ℓt−1(wt−1){2Fu(−[xt−1]−)− 1} = 2ℓt−1(wt−1){Fu(−[xt−1]−)− Fu(0)}
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since Fu(0) = 1
2

by Assumption C; this gives the first r.h.s. term in (C.17). Regarding
(VII)t−1, following the convention that

∫ b

a
v(x) dx = −

∫ a

b
v(x) dx when b < a, and then

making a change of variables,

(VII)t−1 = 1{ℓt−1(wt−1) > 0}
∫ ℓt−1(wt−1)

0

[ℓt−1(wt−1)− u]fu(u− [xt−1]−) du

− 1{ℓt−1(wt−1) < 0}
∫ 0

ℓt−1(wt−1)

[ℓt−1(wt−1)− u]fu(u− [xt−1]−) du

=

∫ ℓt−1(wt−1)

0

[ℓt−1(wt−1)− u]fu(u− [xt−1]−) du

=

∫ ℓt−1(wt−1)−[xt−1]−

−[xt−1]−

[ℓt−1(wt−1)− [xt−1]− − u]fu(u) du.

To put this into the required form, note that by integration by parts∫ b

a

(b− u)fu(u) du =

∫ b

a

[Fu(u)− Fu(a)] du = G(b, a).

Hence
2(VII)t−1 = 2G{ℓt−1(wt−1)− [xt−1]−,−[xt−1]−}

corresponds to the second r.h.s. term in (C.17).
It remains to prove (C.18) and (C.19). Regarding (C.18), observe that

ℓt−1(wt−1){Fu(−[xt−1]−)− Fu(0)} = {[xt−1 + wt−1]+ − [xt−1]+}{Fu(−[xt−1]−)− Fu(0)}

is zero if xt−1 ≥ 0, or if both xt−1 < 0 and xt−1+wt < 0. Suppose therefore that xt−1 < 0

and xt−1 + wt ≥ 0, in which case the preceding is equal to

(xt−1 + wt−1){Fu(−xt−1)− Fu(0)} = (xt−1 + wt−1)fu(−x̃t−1)(−xt−1),

where the equality holds by the mean value theorem, for some x̃t−1 ∈ [xt−1, 0]. From
wt ≥ −xt−1 > 0, it follows that |xt−1| ≤ |wt|. Since fu is bounded by Assumption C, it
follows that the preceding is bounded by C|wt−1|2, for some C < ∞. Hence

|ℓt−1(wt−1){Fu(−[xt−1]−)− Fu(0)}| ≤ C|wt−1|21{xt−1 < 0, xt−1 + wt ≥ 0}

≤ C|wt−1|21{xt−1 < 0}.

Regarding (C.19), observe that a Taylor expansion of b 7→ G(b, a) around b = a yields

G(b, a) = 1
2
fu(a)(b− a)2 + 1

3!
f ′
u(b̃)(b− a)3

where b̃ lies between a and b; and since f ′
u is bounded by Assumption C, there exists a
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C < ∞ such that
|G(b, a)− 1

2
fu(a)(b− a)2| ≤ C(b− a)3.

Thus (C.19) follows by taking b = ℓt−1(wt−1) − [xt−1]−, a = −[xt−1]− and noting that
|ℓt−1(wt−1)| ≤ |wt−1|.

C.2.2 Proof of Proposition C.1

Define
xt−1(ρ) := α + βyt−1 + ϕT∆yt−1

so that xt−1(ρT,0) = xt−1, where the latter is as in (C.2), and

wt := yt − [xt−1(ρT,0)]+ = [xt−1(ρT,0) + ut]+ − [xt−1(ρT,0)]+,

so that

yt − [xt−1(ρ)]+ = (yt − [xt−1(ρT,0)]+)− ([xt−1(ρ)]+ − [xt−1(ρT,0)]+)

= wt − ([xt−1(ρ)]+ − [xt−1(ρT,0)]+)

=: wt − ht−1(ρ, ρT,0).

Then we can write the recentred and rescaled LAD criterion function as

QT (ρ) := T−1[ST (ρ)− ST (ρ0)] = T−1

T∑
t=1

[|wt − ht−1(ρ, ρT,0)| − |wt|]. (C.21)

Henceforth set ht−1(ρ) := ht−1(ρ, ρT,0), for a more compact notation.
Since x 7→ [x]+ is Lipschitz continuous (with Lipschitz constant equal to unity), |wt| ≤

|ut|. Hence it is always the case that

|wt − ht−1(ρ)| − |wt| ≥ 0− |wt| ≥ −|ut|,

while if |ht−1(ρ)| > 3|ut| ≥ 3|wt|, then

|wt − ht−1(ρ)| − |wt| > 2|ut| − |wt| ≥ |ut|.

Therefore for each summand in (C.21),

|wt − ht−1(ρ)| − |wt| = (|wt − ht−1(ρ)| − |wt|)1{|ht−1(ρ)| > 3|ut|}

+ (|wt − ht−1(ρ)| − |wt|)1{|ht−1(ρ)| ≤ 3|ut|}

≥ |ut|1{|ht−1(ρ)| > 3|ut|} − |ut|1{|ht−1(ρ)| ≤ 3|ut|}

= |ut| − 2|ut|1{|ht−1(ρ)| ≤ 3|ut|}.
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Hence we have the lower bound

QT (ρ) ≥ T−1

T∑
t=1

|ut| − 2T−1

T∑
t=1

|ut|1{|ht−1(ρ)| ≤ 3|ut|}

≥ T−1

T∑
t=1

|ut| − 2

(
T−1

T∑
t=1

u2
t

)1/2(
1− T−1

T∑
t=1

1{|ht−1(ρ)| > 3|ut|}

)1/2

=: T−1

T∑
t=1

|ut| − 2

(
T−1

T∑
t=1

u2
t

)1/2

(1−KT (ρ))
1/2

which depends on ρ only through KT (ρ).
We shall show below that for every non-negative κT → ∞,

sup
{ρ∈Π | |β−βT,0|≥T−1/2κT }

|KT (ρ)− 1| p→ 0. (C.22)

It then follows by the LLN that

P
{

inf
{ρ∈Π | |β−β0|≥T−1/2κT }

QT (ρ) ≥ 1
2
E|u1|

}
→ 1.

Since QT (ρT,0) = 0, it follows in particular that

P{|β̂T − βT,0| ≥ κTT
−1/2} ≤ P

{
inf

{ρ∈Π | |β−β0|≥T−1/2κT }
QT (ρ) ≤ 0

}
→ 0.

Deduce that T 1/2(β̂T − βT,0) = op(κT ) for every sequence κT → ∞, whence T 1/2(β̂T −
βT,0) = Op(1).

It remains to prove (C.22). We first note that since the parameter space Π is compact,
there exists a C such that

|(α− α0) + (ϕ− ϕ0)
T∆yt−1| ≤ C(1 + ∥∆yt−1∥).

Hence we have the following lower bound,

|ht−1(ρ)| = |[xt−1(ρ)]+ − [xt−1(ρT,0)]+|

≥ |xt−1(ρ)− xt−1(ρT,0)|1{xt−1(ρ) > 0}1{xt−1(ρT,0) > 0}

= |(β − βT,0)yt−1 + (α− α0) + (ϕ− ϕ0)
T∆yt−1|1{xt−1(ρ) > 0}1{xt−1(ρT,0) > 0}

≥ [|β − βT,0|yt−1 − C(1 + ∥∆yt−1∥)]1{xt−1(ρT,0) > 0}

· 1{βyt−1 − C(1 + ∥∆yt−1∥) > 0},
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since yt−1 ≥ 0, and so

1{|ht−1(ρ)| > 3|ut|} ≥ 1{|β − βT,0|yt−1 − C(1 + ∥∆yt−1∥) > 3|ut|}

1{βyt−1 − C(1 + ∥∆yt−1∥) > 0}1{xt−1(ρ0) > 0}.

Observe that the r.h.s. is increasing in |β−βT,0| and β. Suppose that β ≥ βT,0+T−1/2κT .
Then for all such ρ = (α, β,ϕ),

KT (ρ) ≥ T−1

T∑
t=1

1{T−1/2yt−1 − κ−1
T C(1 + ∥∆yt−1∥)− 3κ−1

T |ut| > 0}

· 1{βT,0T
−1/2yt−1 − T−1/2C(1 + ∥∆yt−1∥) > 0}1{T−1/2xt−1(ρ0) > 0}

≥ T−1

T∑
t=1

gM [T−1/2yt−1 − κ−1
T C(1 + ∥∆yt−1∥)− 3κ−1

T |ut|]

· gM [βT,0T
−1/2yt−1 − T−1/2C(1 + ∥∆yt−1∥)]gM [T−1/2xt−1(ρ0)]

=: L
(1)
T (M) (C.23)

where gM is a Lipschitz function such that 1{x > 0} ≥ gM(x) ≥ 1{x > M}. Similarly, if
β ∈ [1

2
βT,0, βT,0 − T−1/2κT ], we have the lower bound

KT (ρ) ≥ T−1

T∑
t=1

gM [T−1/2yt−1 − κ−1
T C(1 + ∥∆yt−1∥)− 3κ−1

T |ut|]

· gM [1
2
βT,0T

−1/2yt−1 − T−1/2C(1 + ∥∆yt−1∥)]gM [T−1/2xt−1(ρ0)]

=: L
(2)
T (M). (C.24)

Finally, suppose β ≤ 1
2
βT,0: we need a slightly different lower bound for |ht−1(ρ)| in

this case. We first note that if a > 0 and b < 3
4
a, then |[a]+ − [b]+| > 1

4
a. Hence

|ht−1(ρ)| = |[xt−1(ρT,0)]+ − [xt−1(ρ)]+|

≥ 1
4
xt−1(ρT,0)1{xt−1(ρT,0) > 0}1{xt−1(ρ) <

3
4
xt−1(ρT,0)}

= 1
4
[αT,0 + βT,0yt−1 + ϕT

0∆yt−1]1{xt−1(ρT,0) > 0}

1{(3
4
βT,0 − β)yt−1 + (3

4
αT,0 − α) + (3

4
ϕ0 − ϕ)T∆yt−1 > 0}

≥ 1
4
[βT,0yt−1 + αT,0 + ϕT

0∆yt−1]1{xt−1(ρT,0) > 0}

1{1
4
βT,0yt−1 − C1(1 + ∥∆yt−1∥) > 0}.

where the final inequality holds since yt−1 ≥ 0, and 3
4
βT,0 − β ≥ 1

4
βT,0. Therefore,

1{|ht−1(ρ)| > 3|ut|} ≥ 1{βT,0T
−1/2yt−1 + T−1/2αT,0 + ϕT

0T
−1/2∆yt−1 − 12T−1/2|ut| > 0}

· 1{1
4
βT,0T

−1/2yt−1 − T−1/2C1(1 + ∥∆yt−1∥) > 0}1{T−1/2xt−1(ρT,0) > 0},
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whence

KT (ρ) ≥ T−1

T∑
t=1

gM [β0T
−1/2yt−1 + T−1/2α0 + ϕT

0T
−1/2∆yt−1 − 12T−1/2|ut|]

· gM [1
4
βT,0T

−1/2yt−1 − T−1/2C1(1 + ∥∆yt−1∥)]gM [T−1/2xt−1(ρT,0)]

=: L
(3)
T (M). (C.25)

It follows from (C.23)–(C.25) that

1 ≥ KT (ρ) ≥ min{L(i)
T (M)}3i=1

for all ρ ∈ Π such that |β − βT,0| ≥ T−1/2κT . Hence it remains to show that L(i)
T (M)

p→ 1

for each i ∈ {1, 2, 3}. We give the proof only when i = 1; the proof in the other cases
is analogous. To that end, we note that by the continuous mapping theorem (CMT),
Lemma A.1(i), and Theorem 3.2 in Bykhovskaya and Duffy (2024), the finite-dimensional
distributions of the process

ξT (τ) := gM [T−1/2y⌊τT ⌋−1 − κ−1
T C(1 + ∥∆y⌊τT ⌋−1∥)− 3κ−1

T |u⌊τT ⌋|]

· gM [βT,0T
−1/2y⌊τT ⌋−1 − T−1/2C(1 + ∥∆y⌊τT ⌋−1∥)]gM [T−1/2x⌊τT ⌋−1(ρ0)],

for τ ∈ [0, 1], converge weakly to those of

ξ(τ) := g3M [Y (τ)],

since βT,0 → 1. (This cannot be strengthened to weak convergence in D[0, 1], since we may
have κT → ∞ arbitrarily slowly.) Since gM is bounded by unity, supτ∈[0,1] E|ξT (τ)| ≤ 1.
Finally, since gM is Lipschitz and bounded by unity, there exists a constant CM depending
only on M such that

sup
|τ ′−τ |≤ϵ

E|ξT (τ ′)− ξT (τ)|

≤ CM

[
sup

|τ ′−τ |≤ϵ

Emin{|T−1/2y⌊τ ′T ⌋−1 − T−1/2y⌊τT ⌋−1|, 1}

+max{κ−1
T , T−1/2} max

1≤t≤T
E∥∆yt∥+ κ−1

T max
1≤t≤T

E|ut|

]
→ 0

as T → ∞ and then ϵ → 0, by Lemma A.1(i) and since T−1/2y⌊τT ⌋is tight in D[0, 1] by
Theorem 3.2 in Bykhovskaya and Duffy (2024). It follows by Theorem IX.7.1 in Gikhman
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and Skorokhod (1969) that

LT (M) =

∫ 1

0

ξT (τ) dτ
d→
∫ 1

0

ξ(τ) dτ ≥
∫ 1

0

1{Y (τ) > M} dτ p→ 1

as T → ∞ and then M → 0, by Lemma A.2(i).

C.2.3 Proof of Proposition C.2

(i). Defining

ν(b, a) :=

∫ ∞

−∞
{|u− b| − |u|}fu(u− a) du,

we have by Lemma C.4, in particular by (C.16), that

S̄T (ϖ)− S̄T (0) =
1

T

T∑
t=1

ν(ℓt−1(wt−1), [xt−1]−)

=
1

T

T∑
t=1

ν(ℓt−1(wt−1), 0)−
1

T

T∑
t=1

ν(ℓt−1(wt−1), 0)1{xt−1 < 0}

+
1

T

T∑
t=1

ν(ℓt−1(wt−1), [xt−1]−)1{xt−1 < 0}

=: (I)T − (II)T + (III)T (C.26)

with wt−1 = ϖTZt−1,T . Since |ν(b, a)| ≤ |b| and |ℓt−1(wt−1)| ≤ |wt−1|, it follows that for
all ω ∈ Π̄,

|(II)T | ≤
1

T

T∑
t=1

|ℓt−1(ϖ
TZt−1,T )|1{xt−1 < 0} ≤ 1

T

T∑
t=1

|ϖTZt−1,T |1{xt−1 < 0}

≤(1) C
1

T

T∑
t=1

∥Zt−1,T∥1{xt−1 < 0}

≤(2) C

(
1

T

T∑
t=1

∥Zt−1,T∥2
)1/2(

1

T

T∑
t=1

1{xt−1 < 0}

)1/2

=(3) op(1), (C.27)

where ≤(1) follows by the compactness of Π̄, ≤(2) by the Cauchy–Schwarz inequality, and
=(3) by Lemmas A.2(ii) and A.3(i). An identical argument shows that (III)T = op(1).

To handle (I)T , we need to consider the map b 7→ ν(b, 0) =: ν(b), which is minimised
at b = med(ut) = 0 by Assumption C. Since b 7→ |u− b| is differentiable at all b ∈ R\{u},
with bounded derivatives, the function b 7→ ν(b) has first derivative

ν ′(b) = −
∫ ∞

−∞
sgn(u− b)fu(u) du = P{ut < b} − P{ut > b}

= Fu(b)− [1− Fu(b)] = 2Fu(b)− 1
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so that ν ′(b) is (weakly) increasing in b, with ν ′(b) ≥ 0 when b ≥ 0, and ν ′(b) ≤ 0

when b ≤ 0. Since fu(0) > 0 by Assumption C, these inequalities hold strictly for b in a
neighbourhood of zero, and so it follows that for any given τ > 0,

ν(b) ≥ γτ1{|b| ≥ τ}

for all b ∈ R, with γτ := min{ν(τ), ν(−τ)} > 0. Hence

(I)T =
1

T

T∑
t=1

ν[ℓt−1(ϖ
TZt−1,T )] ≥ γτ

1

T

T∑
t=1

1{|ϖTZt−1,T | ≥ τ}. (C.28)

It remains to lower bound the sum on the r.h.s.
To that end, we note that by Hölder’s inequality,

T−1

T∑
t=1

1{|ϖTZt−1,T | ≥ τ}∥Zt−1,T∥2

≤

(
T−1

T∑
t=1

1{|ϖTZt−1,T | ≥ τ}

)δu/(2+δu)(
T−1

T∑
t=1

∥Zt−1,T∥2+δu

)2/(2+δu)

where

ξT := T−1

T∑
t=1

∥Zt−1,T∥2+δu

≤ C

(
1 + T−1

T∑
t=1

|T−1/2yt−1|2+δu + T−1

T∑
t=1

∥∆yt−1∥2+δu

)
= Op(1)

by Lemma A.1(i) and Theorem 3.2 in Bykhovskaya and Duffy (2024). Further, for all
ϖ ∈ Π̄,

T−1

T∑
t=1

1{|ϖTZt−1,T | > τ}∥Zt−1,T∥2 ≥ T−1

T∑
t=1

1{|ϖTZt−1,T | > τ}|ϖTZt−1,T |2∥ϖ∥−2

= ∥ϖ∥−2

[
ϖT

(
T−1

T∑
t=1

Zt−1,TZT
t−1,T

)
ϖ − T−1

T∑
t=1

1{|ϖTZt−1,T | ≤ τ}|ϖTZt−1,T |2
]

≥ λmin(QT )− ∥ϖ∥−2τ 2,

where λmin(A) denotes the smallest eigenvalue of the positive semi-definite matrix A, and

QT := T−1

T∑
t=1

Zt−1,TZT
t−1,T =

T∑
t=1

zt−1,T z
T
t−1,T

d→ QZZ (C.29)

by Lemma A.3(i), where QZZ is positive definite. Hence for δ > 0 as in the statement of

48



part (i) the proposition,

inf
∥ϖ∥≥δ

1

T

T∑
t=1

1{|ϖTZt−1,T | ≥ τ}

≥

(
inf

∥ϖ∥≥δ

1

T

T∑
t=1

1{|ϖTZt−1,T | ≥ τ}∥Zt−1,T∥2
)(2+δu)/δu

ξ
−2/δu
T

≥
(
λmin(QT )− δ−2τ 2

)(2+δu)/δu
ξ
−2/δu
T

it follows that for ϵ > 0 as in the statement of part (i) of the proposition, we may choose
κ, τ > 0 sufficiently small that

P

{
inf

∥ϖ∥≥δ

1

T

T∑
t=1

1{|ϖTZt−1,T | ≥ τ} > κ

}
≥ P

{(
λmin(QT )− δ−2τ 2

)(2+δu)/δu
> κξ

2/δu
T

}
> 1− ϵ/2

for all T sufficiently large. In view of (C.26), (C.27) and (C.28), it follows that

lim inf
T→∞

P
{

inf
∥ϖ∥≥δ

[S̄T (ϖ)− S̄T (0)] > κγτ

}
> 1− ϵ,

whereupon the result follows by taking η = κγτ > 0.

(ii). For suitable choices of wt−1, both S̄T (ϖ)−S̄T (0) and S̄T (r)−S̄T (0) can be expressed
in terms of

T∑
t=1

Et−1{|yt − [xt−1 + wt−1]+| − |yt − [xt−1]+| (C.30)

= 2
T∑
t=1

ℓt−1(wt−1)[Fu(−[xt−1]−)− Fu(0)] + 2
T∑
t=1

G{ℓt−1(wt−1)− [xt−1]−,−[xt−1]−}

=: 2(IV)T + 2(V)T , (C.31)

where the first equality follows by Lemma C.4. That same result also entails that

|(IV)T | ≤ C

T∑
t=1

|wt−1|21{xt−1 < 0} (C.32)

and ∣∣∣∣∣(V)T − 1

2

T∑
t=1

fu(−[xt−1]−)ℓ
2
t−1(wt−1)

∣∣∣∣∣ ≤ C

T∑
t=1

|wt−1|3. (C.33)

We now use (C.31)–(C.33) to prove parts (ii) and (iii) of the proposition.
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Noting that S̄T (ϖ) − S̄T (0) is equal to (C.30) times T−1, with wt−1 = ϖTZt−1,T , we
obtain from (C.31)–(C.33) that

S̄T (ϖ)− S̄T (0) ≥
1

T

T∑
t=1

fu(−[xt−1]−)ℓ
2
t−1(ϖ

TZt−1,T )

− ∥ϖ∥22C
T

T∑
t=1

∥Zt−1,T∥21{xt−1 < 0} − ∥ϖ∥32C
T

T∑
t=1

∥Zt−1,T∥3

=: (VI)T − (VII)T − (VIII)T . (C.34)

To determine the limit of (VI)T , note max1≤t≤T∥Zt−1,T∥ = Op(T
1/(2+δu)) by Lemma A.3(ii),

and so for κ := 1/(2 + δu/2) < 1/2 is bounded by T κ, w.p.a.1. Define

1t−1 := 1{xt−1 > T κ, ∥Zt−1,T∥ ≤ T κ}, 1c
t−1 := 1− 1t−1

and observe that when 1t−1 = 1, we must have xt−1 > 0 and

xt−1 +ϖTZt−1,T ≥ xt−1 − ∥ϖ∥∥Zt−1,T∥ > T κ(1− ∥ϖ∥),

and so the preceding must be non-negative if ∥ϖ∥ ≤ 1. Deduce that for all such ϖ,

fu(−[xt−1]−)ℓ
2
t−1(ϖ

TZt−1,T )1t−1 = fu(−[xt−1]−){[xt−1 +ϖTZt−1,T ]+ − [xt−1]+}21t−1

= fu(0){(xt−1 +ϖTZt−1,T )− xt−1}21t−1

= fu(0)(ϖ
TZt−1,T )

21t−1.

Hence

(VI)T = fu(0)
1

T

T∑
t=1

(ϖTZt−1,T )
2 +

[
− 1

T

T∑
t=1

fu(0)(ϖ
TZt−1,T )

21c
t−1

+
1

T

T∑
t=1

fu(−[xt−1]−)ℓ
2
t−1(ϖ

TZt−1,T )1
c
t−1

]
=: (IX)T + (X)T .

Since fu is bounded, and

ℓ2t−1(ϖ
TZt−1,T ) = |[xt−1 +ϖTZt−1,T ]+ − [xt−1]+|2 ≤ ∥ϖ∥2∥Zt−1,T∥2 = ∥ϖ∥2T∥zt−1,T∥2

we may bound

|(X)T | ≤ C∥ϖ∥2
T∑
t=1

∥zt−1,T∥21c
t−1
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≤ C∥ϖ∥2
(

T∑
t=1

∥zt−1,T∥4
)1/2( T∑

t=1

1c
t−1

)1/2

= ∥ϖ∥2op(1),

by the CS inequality, where the final equality holds by Lemma A.3(v), and

T−1

T∑
t=1

1c
t−1 ≤ T−1

T∑
t=1

1{T−1/2xt−1 ≤ T κ−1/2}+ T−1

T∑
t=1

1{∥Zt−1,T∥ > T κ}

≤(1) T
−1

T∑
t=1

1{T−1/2xt−1 ≤ γ}+ 1

{
max
1≤t≤T

∥Zt−1,T∥ > T κ

}
p→(2) 0 (C.35)

where ≤(1) holds for any fixed γ > 0, for all T sufficiently large, and p→(2) holds as T → ∞
and then γ → 0, by Lemma A.2(ii) and the noted stochastic order of max1≤t≤T∥Zt−1,T∥.
Recalling the definition of QT in (C.29) above, we thus have

(VI)T ≥ (IX)T − ∥ϖ∥2op(1) = fu(0)ϖ
T[QT + op(1)]ϖ (C.36)

Returning now to (C.34), we see that by the same argument that was applied to (X)T ,
with Lemma A.2(ii) playing the role of (C.35), we obtain

(VII)T = C∥ϖ∥2op(1). (C.37)

Regarding (VIII)T , it follows from Lemma A.1(i) (since 2+ δu > 3 under Assumption C),
and Theorem 3.2 in Bykhovskaya and Duffy (2024), that

|(VIII)T | = ∥ϖ∥3C
T

T∑
t=1

∥Zt−1,T∥3 = ∥ϖ∥3Op(1). (C.38)

It follows from (C.34), (C.36), (C.37) and (C.38) that there exist random sequences ξ1,T =

op(1) and ξ2,T = Op(1) such that

S̄T (ϖ)− S̄T (0) ≥ fu(0)ϖ
T[QT + ξ1,T ]ϖ + ξ2,T∥ϖ∥3

≥ fu(0)[λmin(QT ) + ξ1,T ]∥ϖ∥2 + ξ2,T∥ϖ∥3

for all ϖ ∈ Π̄. Now let ϵ > 0 be as in the statement of part (ii) of the proposition. Since
QT

d→ QZZ , which is a.s. positive definite, we may choose η > 0 sufficiently small that

P{fu(0)[λmin(QT ) + ξ1,T ] < 2η} < ϵ/2

for all T sufficiently large. Moreover, we may take δ > 0 such that

P{∥ϖ∥3ξ2,T < −η∥ϖ∥2, ∀∥ϖ∥ ≤ δ} ≤ P{|ξ2,T | > ηδ−1} < ϵ/2,
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for all T sufficiently large, and therefore

P{S̄T (ϖ)− S̄T (0) ≥ η∥ϖ∥2, ∀∥ϖ∥ ≤ δ}

≥ P{fu(0)[λmin(QT ) + ξ1,T ]∥ϖ∥2 ≥ 2η∥ϖ∥2, ∀∥ϖ∥ ≤ δ}

− P{∥ϖ∥3ξ2,T < −η∥ϖ∥2, ∀∥ϖ∥ ≤ δ}

≥ P{fu(0)[λmin(QT ) + ξ1,T ] ≥ 2η} − P{|ξ2,T | > ηδ−1} > 1− ϵ

for all T sufficiently large.

(iii). Noting in this case that S̄T (r) − S̄T (0) equals (C.30) with wt−1 = rTzt−1,T , and
recalling that

|ℓt−1(r
Tzt−1,T )| = |[xt−1 + rTzt−1,T ]+ − [xt−1]+| ≤ |rTzt−1,T | (C.39)

we obtain from (C.31)–(C.33) that for all r ∈ Rk+1,∣∣∣∣∣[S̄T (r)− S̄T (0)]−
T∑
t=1

fu(−[xt−1]−)ℓ
2
t−1(r

Tzt−1,T )

∣∣∣∣∣ (C.40)

≤ C
T∑
t=1

|rTzt−1,T |21{xt−1 < 0}+ C
T∑
t=1

|rTzt−1,T |3

≤ C∥r∥2
(

T∑
t=1

∥zt−1,T∥4
)1/2( T∑

t=1

1{xt−1 < 0}

)1/2

+ C∥r∥3 max
1≤s≤T

∥zs−1,T∥
T∑
t=1

∥zt−1,T∥2

= op(1)

uniformly on compact subsets of Rk+1, by the CS inequality, Theorem 3.2 of Bykhovskaya
and Duffy (2024) and Lemmas A.2(ii), A.3(i), A.3(ii) and A.3(v).

It remains to consider the l.h.s. of (C.40). Let

1t−1(r) := 1{xt−1 ≥ 0, xt−1 + rTzt−1,T ≥ 0}, 1c
t−1(r) := 1− 1t−1(r). (C.41)

We note that

1c
t−1(r) = 1{xt−1 < 0}+ 1{xt−1 ≥ 0}1{xt−1 + rTzt−1,T < 0}

= 1{xt−1 < 0}+ 1{rTzt−1,T < −xt−1 ≤ 0}

≤ 1{xt−1 < 0}+ 1{|xt−1| ≤ ∥rTzt−1,T∥}

≤ 1{xt−1 < 0}+ 1{|xt−1| ≤ 1}+ 1{1 ≤ ∥rTzt−1,T∥}

≤ 2 · 1{xt−1 ≤ 1}+ 1

{
1 ≤ ∥r∥ sup

1≤s≤T
∥zs−1,T∥

}
=: 2 · 1c

1,t−1 + 1c
2(r), (C.42)
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where
T∑
t=1

1c
1,t−1 =

T∑
t=1

1{xt−1 ≤ 1} = op(T ) (C.43)

and, since sup1≤s≤T∥zs−1,T∥ = op(1), 1c
2(r) = op(1) uniformly on compact subsets of Rk+1.

Now decompose

T∑
t=1

fu(−[xt−1]−)ℓ
2
t−1(r

Tzt−1,T )

=
T∑
t=1

fu(0)ℓ
2
t−1(r

Tzt−1,T )1t−1(r) +
T∑
t=1

fu(−[xt−1]−)ℓ
2
t−1(r

Tzt−1,T )1
c
t−1(r)

=
T∑
t=1

fu(0)(r
Tzt−1,T )

2 −
T∑
t=1

fu(0)(r
Tzt−1,T )

21c
t−1(r)

+
T∑
t=1

fu(−[xt−1]−)ℓ
2
t−1(r

Tzt−1,T )1
c
t−1(r)

=: (XI)T + (XII)T + (XIII)T (C.44)

where in obtaining the second equality, we have used the fact that

ℓ2t−1(r
Tzt−1,T )1t−1(r) = {[xt−1 + rTzt−1,T ]+ − [xt−1]+}21{xt−1 ≥ 0, xt−1 + rTzt−1,T ≥ 0}

= (rTzt−1,T )
21t−1(r)

and similarly fu(−[xt−1]−)1t−1(r) = fu(0)1t−1(r).
Regarding the final r.h.s. term in (C.44), in view of (C.39) and the boundedness of fu,

there exists a C < ∞ such that

|(XIII)T | ≤ C∥r∥2
T∑
t=1

∥zt−1,T∥2{2 · 1c
1,t−1 + 1c

2(r)}

≤(1) C∥r∥2
2( T∑

t=1

∥zt−1,T∥4
)1/2( T∑

t=1

1c
1,t−1

)1/2

+ 1c
2(r)

T∑
t=1

∥zt−1,T∥2


=(2) op(1) (C.45)

uniformly on compact subsets of Rk+1, where ≤(1) holds by the CS inequality, and =(2) by
Lemmas A.3(i) and A.3(v), (C.43), and the noted asymptotic negligibility (on compacta)
of 1c

2(r). An identical argument yields that (XII)T = op(1), uniformly on compact subsets
of Rk+1. This leaves the first r.h.s. term in (C.44), for which

(XI)T = fu(0)r
T

T∑
t=1

zt−1,T z
T
t−1,T r

d→ fu(0)r
TQZZr
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uniformly on compact subsets of Rk+1, by Lemma A.3(i), as required.

C.2.4 Proof of Proposition C.3

Define
gt(wt−1) := |yt − [xt−1 + wt−1]+| − |yt − [xt−1]+|, (C.46)

for which
|gt(wt−1)− gt(w̃t−1)| ≤ |wt−1 − w̃t−1|. (C.47)

For suitable choices of wt−1, both UT (ϖ)−UT (0) and UT (r)−UT (0) can be expressed in
terms of

T∑
t=1

[gt(wt−1)− Et−1gt(wt−1)].

Since ZT−1,T =
∑T

s=1∥zs−1,T∥2 = Op(1) by Lemma A.3(i), for ϵ > 0 as given in the
statement of part (i) of the lemma, we may choose Kϵ sufficiently large that

lim sup
T→∞

P{ZT−1,T ≥ Kϵ} < ϵ.

For each T ∈ N, define
ςT := inf{t ∈ N | Zt,T > Kϵ}. (C.48)

Then for each t ∈ N,
{ςT > t} = {Zt,T ≤ Kϵ} ∈ Ft,

and so ςT is a stopping time with respect to {Ft}. By construction

T∧ςT∑
s=1

∥zs−1,T∥2 = ZT∧ςT−1,T = 1{ςT ≥ T}ZT−1,T + 1{ςT < T}ZςT−1,T ≤ Kϵ. (C.49)

(i). Define

Ut,T (ϖ) :=
1

T

t∑
s=1

{|ys − [xs−1 +ϖTZs−1,T ]+| − Es−1|ys − [xs−1 +ϖTZs−1,T ]+|} (C.50)

so that UT (ϖ) = UT,T (ϖ). Consider the martingale array {Mt,T (ϖ),Ft}Tt=1 defined by

Mt,T (ϖ) := T 1/2[Ut,T (ϖ)− Ut,T (0)] =
1

T 1/2

t∑
s=1

[gs(ϖ
TZs−1,T )− Es−1gs(ϖ

TZs−1,T )].
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Define the stopped process Nt,T (ϖ) := Mt∧ςT ,T (ϖ), and the associated filtration Gt :=

Ft∧ςT , for t ∈ {1, . . . , T}. Observe that since

ZT−1,T ≤ Kϵ =⇒ ςT ≥ T =⇒ NT,T (ϖ) = MT,T (ϖ), ∀ϖ ∈ Π̄,

the event on the l.h.s. of (C.5) may be written as{
sup

∥ϖ∥≤δ

|MT,T (ϖ)| ≥ κ, ZT−1,T ≤ Kϵ

}
=

{
sup

∥ϖ∥≤δ

|NT,T (ϖ)| ≥ κ, ZT−1,T ≤ Kϵ

}

⊆

{
sup

∥ϖ∥≤δ

|NT,T (ϖ)| ≥ κ

}
.

It remains to control the probability of the r.h.s.
By the stopping time lemma (in particular, the corollary to Theorem 9.3.4 in Chung,

2001), {Nt,T (ϖ),Gt}Tt=1 is a martingale array for every ϖ ∈ Π̄, with increments

∆Nt,T (ϖ) := Nt,T (ϖ)−Nt−1,T (ϖ) = Mt∧ςT ,T (ϖ)−M(t−1)∧ςT ,T (ϖ)

= T−1/2[gt(ϖ
TZt−1,T )− Et−1gt(ϖ

TZt−1,T )]1{ςT > t− 1}. (C.51)

In view of (C.47) and the Ft−1-measurability of Zt−1,T , we have that the martingale sum
of squares of Nt,T (ϖ)−Nt,T (ϖ̃), at t = T , satisfies

T∑
t=1

[∆Nt,T (ϖ)−∆Nt,T (ϖ̃)]2

= T−1

T∑
t=1

{[gt(ϖTZt−1,T )− gt(ϖ̃
TZt−1,T )]

− Et−1[gt(ϖ
TZt−1,T )− gt(ϖ̃

TZt−1,T )]}21{ςT > t− 1}

≤ 4∥ϖ − ϖ̃∥2T−1

T∑
t=1

∥Zt−1,T∥21{ςT ≥ t} = 4∥ϖ − ϖ̃∥2ZT∧ςT−1,T

≤ 4∥ϖ − ϖ̃∥2Kϵ, (C.52)

where the final equality holds by (C.49).
Therefore by Burkholder’s inequality (Theorem 2.10 in Hall and Heyde, 1980), we

have for any ϖ, ϖ̃ ∈ Π̄ and j ∈ N that

E|NT,T (ϖ)−NT,T (ϖ̃)|2j ≤ CE

∣∣∣∣∣
T∑
t=1

[∆Nt,T (ϖ̃)−∆Nt,T (ϖ̃)]2

∣∣∣∣∣
j

≤ 4jCKj
ϵ ∥ϖ − ϖ̃∥2j
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whence
∥NT,T (ϖ)−NT,T (ϖ̃)∥2j ≤ (4C1/jKϵ)

1/2∥ϖ − ϖ̃∥.

Now fix j ∈ N such that 2j > k + 1. Observe that NT,T (0) = 0 by construction. By
Corollary 2.2.5 of Van der Vaart and Wellner (1996), we therefore have

E sup
∥ϖ∥≤δ

|NT,T (ϖ)| ≤

∥∥∥∥∥ sup
∥ϖ∥≤δ

|NT,T (ϖ)|

∥∥∥∥∥
2j

≤ K ′
ϵ

∫ 2δ

0

(2δ/u)(k+1)/2j du

= δ · 2K ′
ϵ

∫ 1

0

u−(k+1)/2j du =: Cϵδ

where K ′
ϵ and Cϵ depend only on Kϵ (with k and j fixed), noting that the integral is

convergent since (k + 1)/2j < 1 by choice of j. Hence by Chebyshev’s inequality

P

{
sup

∥ϖ∥≤δ

|NT,T (ϖ)| ≥ κ

}
≤

E sup∥ϖ∥≤δ|NT,T (ϖ)|
κ

≤ Cϵδ

κ
.

(ii). The argument here is similar to that used to prove part (i). Analogously to (C.50),
define

Ut,T (r) :=
t∑

s=1

{|ys − [xs−1 + rTzs−1,T ]+| − Es−1|ys − [xs−1 + rTzs−1,T ]+|} (C.53)

so that UT (r) = UT,T (r). Defined the stopped process Nt,T (r) := Ut∧ςT ,T (r), so that
{Nt,T (r),Gt}Tt=1 is a martingale array, for each r ∈ Rk+1. Define

Lt,T (r) := Ut,T (r)− Nt,T (r) = Ut,T (r)− Ut∧ςT ,T (r)

so that

P

{
sup

∥r−r̃∥≤δ

|UT (r)− UT (r̃)| > 2ϵ

}

≤ P

{
sup

∥r−r̃∥≤δ

|NT,T (r)− NT,T (r̃)| > ϵ

}
+ P

{
sup

∥r−r̃∥≤δ

|LT,T (r)− LT,T (r̃)| > ϵ

}
. (C.54)

Thus it suffices to show that, for a suitable choice of δ > 0, both r.h.s. probabilities can
eventually be bounded by ϵ. Regarding the second of these, the definition of Lt,T entails
that if ςT ≥ T , then LT,T (r) = 0 for all r ∈ Rk+1. Hence, recalling the choice of Kϵ made
above,

P

{
sup

∥r−r̃∥≤δ

|LT,T (r)− LT,T (r̃)| > ϵ

}
≤ 1− P{ςT ≥ T} = 1− P{ZT−1,T ≤ Kϵ} < ϵ,
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where the final bound holds for all T sufficiently large.
It remains to bound the first r.h.s. term in (C.54). Similarly to (C.51), we have that

the increments of Nt,T (r) are equal to

∆Nt,T (r) = Ut∧ςT ,T (r)− U(t−1)∧ςT ,T (r) = [gt(r
Tzt−1,T )− Et−1gt(r

Tzt−1,T )]1{ςT > t− 1}

and so, similarly to (C.52),

T∑
t=1

[∆Nt,T (r)−∆Nt,T (r)]
2 ≤ 4∥r − r̃∥2

T∑
t=1

∥zt−1,T∥21{ςT ≥ t} ≤ 4Kϵ∥r − r̃∥2.

Hence we have again by Burkholder’s inequality that

E|NT,T (r)− NT,T (r̃)|2j ≤ 4jCKj
ϵ ∥r − r̃∥2j.

Taking j such that 2j > k + 1, it follows by Kolmogorov’s continuity criterion (Corol-
lary 16.9 in Kallenberg, 2001) that there exists a δ > 0 such that

lim sup
T→∞

P

{
sup

∥r−r̃∥≤δ

|NT,T (r)− NT,T (r̃)| > ϵ

}
< ϵ.

(iii). Fix an r ∈ Rk+1. Recalling (C.46) above, so that

gt(r
Tzt−1,T ) = |yt − [xt−1 + rTzt−1,T ]+| − |yt − [xt−1]+|

= |(yt − [xt−1]+)− ([xt−1 + rTzt−1,T ]+ − [xt−1]+)| − |yt − [xt−1]+|

and we may write

UT (r)− UT (0) =
T∑
t=1

[gt(r
Tzt−1,T )− Et−1gt(r

Tzt−1,T )]. (C.55)

Applying the identity (C.15) to gt(r
Tzt−1,T ) with

At := yt − [xt−1]+ = [xt−1 + ut]+ − [xt−1]+

Bt−1(r) := [xt−1 + rTzt−1,T ]+ − [xt−1]+,

yields

gt(r
Tzt−1,T ) = − sgn(At)Bt−1(r) + 1{At = 0}|Bt−1(r)|

+ 2[Bt−1(r)− At][1{Bt−1(r) > At > 0} − 1{Bt−1(r) < At < 0}]

=: υ1,t + υ2,t + 2υ3,t. (C.56)
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We will show that only υ1t contributes non-negligibly to (C.55), as T → ∞. Noting
that

|Bt−1(r)| ≤ |rTzt−1,T | (C.57)

and that At = 0 with nonzero probability only if xt−1 ≤ 0, we obtain

Et−1υ
2
2,t = |Bt−1(r)|2Et−11{At = 0} ≤ |rTzt−1,T |21{xt−1 ≤ 0}.

Further, since Bt−1(r) > At > 0 and Bt−1(r) < At < 0 both imply that

|Bt−1(r)− At| ≤ |Bt−1(r)| and |ut| ≤ |rTzt−1,T |,

we have

Et−1υ
2
3,t ≤ |Bt−1(r)|21{|ut| ≤ |rTzt−1,T |}

= |Bt−1(r)|2[Fu(|rTzt−1,T |)− Fu(−|rTzt−1,T |)] ≤ C|rTzt−1,T |3

for some C < ∞ by the mean value theorem, since fu is bounded. Deduce that

T∑
t=1

Et−1[v2,t + 2v3,t − Et−1(v2,t + 2v3,t)]
2 ≤

T∑
t=1

Et−1(v
2
2,t + 4v23,t)

≤ ∥r∥2
T∑
t=1

∥zt−1,T∥21{xt−1 ≤ 0}+ 8C∥r∥3
T∑
t=1

∥zt−1,T∥3

≤ ∥r∥2
(

T∑
t=1

∥zt−1,T∥4
)1/2( T∑

t=1

1{xt−1 ≤ 0}

)1/2

+ 4C∥r∥3 max
1≤s≤T

∥zs−1,T∥
T∑
t=1

∥zt−1,T∥2

= op(1)

by Lemmas A.2(ii), A.3(i), A.3(ii), and A.3(v). It follows by (C.55), (C.56) and Corol-
lary 3.1 of Hall and Heyde (1980) that

UT (r)− UT (0) = −
T∑
t=1

Bt−1(r)[sgn(At)− Et−1 sgn(At)] + op(1)

= −
T∑
t=1

Bt−1(r)et + op(1)

for et the (bounded) m.d.s. defined in (C.3) above.
It remains to determine the weak limit of the r.h.s. To that end we recall the argument

given in the proof of Proposition C.2(iii), that by defining

1t−1(r) := 1{xt−1 ≥ 0, xt−1 + rTzt−1,T ≥ 0} 1c
t−1(r) := 1− 1t−1(r)
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as in (C.41) above, we obtain the bound

1c
t−1(r) ≤ 2 · 1{xt−1 ≤ 1}+ 1

{
1 ≤ ∥r∥ sup

1≤s≤T
∥zs−1,T∥

}
=: 2 · 1c

1,t−1 + 1c
2(r), (C.58)

per (C.42) above. Moreover,

Bt−1(r)1t−1(r) = {[xt−1 + rTzt−1,T ]+ − [xt−1]+}1t−1(r) = (rTzt−1,T )1t−1(r).

Therefore

UT (r)− UT (0) = −
T∑
t=1

1t−1(r)Bt−1(r)et −
T∑
t=1

1c
t−1(r)Bt−1(r)et + op(1)

= −
T∑
t=1

(rTzt−1,T )et +
T∑
t=1

1c
t−1(r)[r

Tzt−1,T −Bt−1(r)]et + op(1).

To see that the second term is asymptotically negligible, observe that this is a martingale
with conditional variance

T∑
t=1

1c
t−1(r)[r

Tzt−1,T −Bt−1(r)]
2Et−1e

2
t ≤(1) C∥r∥2

T∑
t=1

1c
t−1(r)∥zt−1,T∥2

≤(2) C∥r∥2
T∑
t=1

∥zt−1,T∥2{2 · 1c
1,t−1 + 1c

2(r)}

=(3) op(1)

where ≤(1) follows by (C.57) and the boundedness of et, ≤(2) by (C.58) and =(3) by the
arguments that yielded (C.45) in the proof of Proposition C.2(iii). Hence by Corollary 3.1
of Hall and Heyde (1980),

UT (r)− UT (0) = −rT
T∑
t=1

zt−1,T et + op(1).

The martingale on the r.h.s. of the preceding is

T∑
t=1

zt−1,T et = T−1/2

T∑
t=1

 1

T−1/2yt−1

∆yt−1

 et. (C.59)
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To determine its weak limit, consider the vector martingale process

MT (τT ) := T−1/2

⌊τT ⌋∑
t=1

 ut

et

∆yt−1et


for τ ∈ [0, 1]. Each of the elements of MT satisfy a conditional Lyapunov condition,
for every τ ∈ [0, 1]: the first two elements because Et−1|ut|2+δu and et are respectively
bounded, and the final k − 1 elements because

T−1−δu/2

T∑
t=1

∥∆yt−1∥2+δuEt−1|et|2+δu ≤ CT−δu/2Op(1) = op(1)

by Lemma A.1(i). Therefore, to apply a (functional) CLT to MT , it suffices to determine
the probability limit of the conditional variance process

⟨MT (τT )⟩ =
1

T

⌊τT ⌋∑
t=1

Et−1

 u2
t etut ∆yT

t−1etut

etut e2t ∆yT
t−1e

2
t

∆yt−1etut ∆yt−1e
2
t ∆yt−1∆yT

t−1e
2
t

 , (C.60)

for each fixed τ ∈ [0, 1].
To compute the limit of the r.h.s. of the preceding, note that

1{xt−1 > 0}Et−1 sgn([xt−1 + ut]+ − [xt−1]+) = 1{xt−1 > 0}Et−1 sgn(ut) = 0

and

1{xt−1 ≤ 0}Et−1 sgn([xt−1 + ut]+ − [xt−1]+) = 1{xt−1 ≤ 0}Pt−1{ut > −xt−1}

= 1{xt−1 ≤ 0}[1− F (−xt−1)],

and hence

Et−1e
2
t = Et−1 sgn([xt−1 + ut]+ − [xt−1]+)

2 − {Et−1 sgn([xt−1 + ut]+ − [xt−1]+)}2

= 1− 1{xt−1 ≤ 0}[F (−xt−1) + (1− F (−xt−1))
2]

=: 1 +H1(xt−1) (C.61)

where H1(x) is bounded, and (trivially) H1(x) → 0 as x → +∞. Similarly, since

Et−1etut = Et−1 sgn([xt−1 + ut]+ − [xt−1]+)ut
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we obtain

1{xt−1 > 0}Et−1etut = 1{xt−1 > 0}Et−1 sgn(ut)ut = 1{xt−1 > 0}E|u1|

and

1{xt−1 ≤ 0}Et−1etut = 1{xt−1 ≤ 0}Et−1ut1{ut > −xt−1}

= 1{xt−1 ≤ 0}
∫ ∞

−xt−1

ufu(u) du

whence

Et−1etut = 1{xt−1 > 0}E|u1|+ 1{xt−1 ≤ 0}
∫ ∞

−xt−1

ufu(u) du

= E|u1|+ 1{xt−1 ≤ 0}
[∫ ∞

−xt−1

ufu(u) du− E|u1|
]

=: E|u1|+H2(xt−1) (C.62)

where H2 is bounded, and (trivially) H2(x) → 0 as x → +∞. Deduce that for each
τ ∈ [0, 1],

1

T

⌊τT ⌋∑
t=1

Et−1

 u2
t

etut

e2t

 =
1

T

⌊τT ⌋∑
t=1

 σ2

E|u1|+H2(xt−1)

1 +H1(xt−1)

 = τ

 σ2

E|u1|
1

+ op(1) (C.63)

by Lemma A.2(iii). This yields the limit of the upper left 2 × 2 block of the r.h.s. of
(C.60).

Regarding the remaining elements of the r.h.s. of (C.60), we next observe that

1

T

⌊τT ⌋∑
t=1

Et−1∆yt−1

[
etut

e2t

]T
=

1

T

⌊τT ⌋∑
t=1

∆yt−1Et−1

[
etut

e2t

]T

=

 1

T

⌊τT ⌋∑
t=1

∆yt−1

[E|u1|
1

]T
+

1

T

⌊τT ⌋∑
t=1

∆yt−1

[
H2(xt−1)

H1(xt−1)

]T
,

by (C.61) and (C.62). Now

1

T

⌊τT ⌋∑
t=1

∆yt−1 =
1

T
(y⌊τT ⌋ − y0) = Op(T

−1/2)

by Theorem 3.2 in Bykhovskaya and Duffy (2024), while
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∣∣∣∣∣∣ 1T
⌊τT ⌋∑
t=1

∆yt−1

[
H2(xt−1)

H1(xt−1)

]T∣∣∣∣∣∣
≤

(
1

T

T∑
t=1

∥∆yt−1∥2
)1/2

 1

T

T∑
t=1

∥∥∥∥∥
[
H2(xt−1)

H1(xt−1)

]∥∥∥∥∥
2
1/2

= op(1)

by Lemmas A.1(ii) and A.2(iii). Hence for each τ ∈ [0, 1]

1

T

⌊τT ⌋∑
t=1

Et−1∆yt−1

[
etut

e2t

]T
= op(1). (C.64)

Finally, since

1

T

⌊τT ⌋∑
t=1

Et−1∆yt−1∆yT
t−1e

2
t =

1

T

⌊τT ⌋∑
t=1

∆yt−1∆yT
t−1 +

1

T

⌊τT ⌋∑
t=1

∆yt−1∆yT
t−1H1(xt−1)

where by Hölder’s inequality, the norm of the final term is bounded by(
1

T

T∑
t=1

∥∆yt−1∥2+δu

)2/(2+δu)(
1

T

T∑
t=1

|H1(xt−1)|(2+δu)/δu

)δu/(2+δu)

= op(1)

by Lemmas A.1(i) and A.2(iii). Hence, for each τ ∈ [0, 1],

1

T

⌊τT ⌋∑
t=1

Et−1∆yt−1∆yT
t−1e

2
t

p→ τΩ (C.65)

by Lemma A.1(ii).
It follows from (C.63)–(C.65) that for each τ ∈ [0, 1],

⟨MT (τT )⟩
p→ τ

 σ2 E|u1| 0

E|u1| 1 0

0 0 Ω

 =: τΩM

Therefore Theorem 2.3 in Durrett and Resnick (1978), and the Cramér–Wold device,
imply that

MT (τT ) = T−1/2

⌊τT ⌋∑
t=1

 ut

et

∆yt−1et

 d→

σ0W (τ)

W̃ (τ)

Ξ(τ)

 =: M(τ) (C.66)

on D[0, 1], where M is a (k + 1)-dimensional Brownian motion with variance matrix ΩM :
and so, in particular, Ξ is independent of (W, W̃ ).
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Finally, returning to (C.59), i.e. to

T∑
t=1

zt−1,T et =
T∑
t=1

 T−1/2et

T−1yt−1et

T−1/2∆yt−1et

 =

 T−1/2
∑T

t=1 et

T−1
∑T

t=1 yt−1et

ΞT (1)

 ,

we note that by Theorem 3.2 of Bykhovskaya and Duffy (2024) and Theorem 2.1 of Liang
et al. (2016),

T−1

T∑
t=1

yt−1et
d→
∫ 1

0

Y (τ) dE(τ)

holds jointly with (C.66), where Y is a function only of W . Deduce

T∑
t=1

zt−1,T et
d→

 W̃ (1)∫ 1

0
Y (τ) dW̃ (τ)

Ξ(1)

 ,

where Ξ(1) ∼ N [0,Ω] independently of (W̃ , Y ).
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