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Abstract

This paper studies robust estimation in the dynamic Tobit model under local-
to-unity (LUR) asymptotics. We establish consistency of both Gaussian maximum
likelihood (ML) and censored least absolute deviations (CLAD) estimators under
LUR asymptotics, complementing their known consistency in the stationary region
and thereby delivering uniform validity across degrees of persistence. We derive their
asymptotic distributions and show that the estimators of the short-run parameters
are asymptotically Gaussian, yielding standard normal ¢-statistics. These findings
contrast with OLS: although OLS remains consistent under LUR, its t-statistics are
not asymptotically standard normal. Consequently, inference and sequential lag se-
lection based on ML and CLAD t-tests are valid, paralleling the linear autoregressive
framework. Applications to financial and epidemiological time series illustrate the

practical relevance of the results.
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1 Introduction

Many macroeconomic and financial time series are highly persistent, often exhibiting
the random wandering that is the hallmark of a stochastic trend. While it is relatively
straightforward to accommodate these series within the framework of a linear (vector)
autoregressive model, even in this setting such persistence creates significant challenges
for inference, giving rise to limiting distributions that are non-standard and dependent
on nuisance parameters. Accordingly, a substantial literature has developed on inference
methods that are broadly robust to temporal dependence, remaining valid for both sta-
tionary and stochastically trending data (see e.g., Hansen, 1999; Jansson and Moreira,
2006; Mikusheva, 2007, 2012; Elliott, Miiller, and Watson, 2015).

This literature has now attained a high degree of maturity, but with the significant
limitation is that it is entirely devoted to linear models. Although nonlinear autoregress-
ive models have been widely studied, this has almost exclusively been in the context
of stationary processes (as in e.g., Tong, 1990; Chan, 2009; Terasvirta, Tjostheim, and
Granger, 2010). Indeed, for a long time the only available dynamic models that permitted
some conjunction of nonlinearities with stochastic trends were those in which any nonlin-
earities were confined to the short-run dynamics, i.e. to first differences and equilibrium
error components (as in the nonlinear VECM models considered by Balke and Fomby,
1997; Hansen and Seo, 2002; Kristensen and Rahbek, 2010). This excluded, for example,
nonlinear autoregressive models with regimes endogenously dependent on the level of a
stochastically trending series. Only recently has it been shown possible to configure non-
linear (vector) autoregressive models so as to accommodate both nonlinearity in levels and
stochastic trends (Cavaliere, 2005; Bykhovskaya and Duffy, 2024; Duffy and Mavroeidis,
2024; Duffy, Mavroeidis, and Wycherley, 2025).

A major impetus for this recent work has come from the desire to adequately model
highly persistent series that are subject to occasionally binding constraints, of which
the zero lower bound on nominal interest rates is a leading example (Mavroeidis, 2021,
Aruoba, Mlikota, Schorfheide, and Villalvazo, 2022). For such series, a plausible descript-
ive model is the dynamic Tobit, which in a stationary setting has a lengthy pedigree in
the empirical analysis of constrained, i.e. censored, time series (see e.g., Demiralp and
Jorda, 2002, de Jong and Herrera, 2011, Dong, Schmit, and Kaiser, 2012, Liu, Moon,
and Schorfheide, 2019, Brezigar-Masten, Masten, and Volk, 2021, Bykhovskaya, 2023).
Bykhovskaya and Duffy (2024) recently determined conditions under which this model
may also generate stochastically trending, 7(1)-like series, and obtained the asymptotic
distribution of the OLS estimators for this model in a local-to-unity framework. However,
while their results are sufficient for the purposes of conducting unit root tests, there is no
possibility of extending the validity of OLS beyond their setting, since even its consistency

is known to fail for the stationary dynamic Tobit.



The present work is thus motivated by the need to develop methods of estimation and
inference, in a nonlinear time series setting, that are robust to the degree of persistence of
the data generating mechanism. More specifically, we seek methods that enjoy validity for
the dynamic Tobit model on a wider domain that allows for both stochastically trending
and stationary data, exactly as OLS enjoys in a linear autoregressive model. This leads
us to consider two alternative estimators that are known to be consistent and asymptot-
ically normal for the stationary dynamic Tobit: Gaussian maximum likelihood (ML) and
Powell’s (1984) censored least absolute deviations (CLAD; see de Jong and Herrera, 2011,
and Bykhovskaya, 2023).

The principal contribution of this paper is to derive the asymptotic distributions of
the ML and CLAD estimators for a dynamic Tobit model, in a local-to-unity framework.
When the model is rendered in ADF form, the limiting distribution of the estimator of
the sum of the autoregressive coefficients is non-standard, but takes a known form that is
suitable for inference. Estimates of ‘short run’ coefficients (i.e. those on lagged differences)
have an asymptotically Gaussian distribution, so that inferences on these and on certain
related functionals, such as short-horizon impulse responses, remain standard irrespective
of the degree of persistence of the regressor (exactly as is the case for OLS estimation in a
linear autoregressive model). These results also facilitate the determination of the model
lag order on the basis of sequential ¢-tests.

At a technical level, our results contribute to the literature on the asymptotics of
nonlinear extremum estimators with highly peristent processes (see e.g., Park and Phillips,
2000, 2001; Phillips, Jin, and Hu, 2007; Xiao, 2009; Chan and Wang, 2015). Relative to
previous work, the analysis is complicated by two aspects of our problem. Firstly, we
consider a nonlinear autoregressive model, whereas that literature has been concerned
with regression (or discrete choice) models where the regressor x; is a linear unit root
process, and the object is to estimate some (possibly) nonlinear transformation of x;.
Secondly, in our analysis of the CLAD estimator, we cannot rely on the convexity of the
criterion function, something which greatly facilitates the derivation of the asymptotics of
the uncensored LAD estimator, as in Pollard (1991), Herce (1996), Li and Li (2009) and
Xiao (2009). (By contrast, convexity may be fruitfully exploited in the analysis of the
Gaussian MLE.) Nor may approaches employed in the i.i.d. or stationary cases (Powell,
1984; de Jong and Herrera, 2011; Bykhovskaya, 2023) be readily transposed to our setting.
Thus deriving the asymptotics of the (centred) CLAD criterion function, in particular,
requires some delicate and novel arguments. We expect these arguments will also prove
useful for the analysis of other nonlinear extremum estimators, in the presence of highly
persistent data.

The remainder of this paper is organised as follows. Section 2 introduces the dynamic
Tobit model and our assumptions. Section 3 derives the asymptotic distributions of

ML and CLAD estimators. A discussion of the results, and an empirical illustration, is



presented in Section 4. Finally, Section 5 concludes. All proofs appear in the appendices.

Notation. All limits are taken as T — oo unless otherwise stated. = and % respect-
ively denote convergence in probability and in distribution (weak convergence). We write
‘Xr(N) N X(A) on Dgm[0,1] to denote that { X7} converges weakly to X, where these
are considered as random elements of Dgm [0, 1], the space of cadlag functions [0, 1] — R™,
equipped with the uniform topology; we denote this as D[0, 1] whenever the value of m
is clear from the context. ||-|| denotes the Euclidean norm on R™, and the matrix norm
that it induces. For X a random vector and p > 1, || X|, = (E|| X|]?)">.

2 Model

We suppose {y;} is generated by a dynamic Tobit model of order k, written in augmented
Dickey—Fuller (ADF) form as

Yy = [040 + Boye—1 + ¢ Ay, + uth , t=1,...T, (2.1)

where [z]; := max{x,0}, y,_1 = Vi1, s Y—tt1) " Po = (1.0, .-, Pk-10)" and Ay, =
Yy — 1;—1. The model has two attractive features. Firstly, it is Markovian — with the
state vector defined by £ consecutive lags of y; — making it well-suited for forecasting.
Secondly, the presence of the positive part on the right of the equality enforces a lower
bound of zero on y;, making the model appropriate for series that are constrained to take
non-negative values.

We assume that the parameters py := (v, ﬁo,qboT)T € RFL innovations {u;} and

initial conditions satisfy the following assumptions.

Assumption A1. {y,} is initialised by (possibly) random variables {y_ji1,...,%0}. Moreover,
T-12yy L by for some by > 0.

Assumption A2. {y;} is generated according to (2.1), where:
1. {u}iez is independently and identically distributed with Bu; = 0 and Eu? = 3.
2. g = arg = T"2%ag and By = Pro =1+ T ¢y, for some ag, cy € R.
Assumption A3. There exist §, > 0 and C' < oo such that:
1. Elug? < C.
2. B|T—1%yo|?+0 < C, and E|Ay,|**% < C forie {—k+2,...,0}.

Assumption A1 allows the initialisation to be of the same order of magnitude as the

process ;. This is appropriate because the first observation in any sample is unlikely



to be the ‘true’ starting point of the process, but simply the point at which data collec-
tion begins. Therefore, it is natural to allow yy to be of the same scale as any later ;.
Assumptions A2.1 and A3 are standard conditions on the innovations. Assumption A2.2 en-
sures that the data is highly persistent, as a consequence of the autoregressive polynomial
having a root local to unity.

As shown in Bykhovskaya and Duffy (2024, Appendix C), owing to the nonlinearity of
the model additional technical conditions — which go beyond the classical requirements on
the stability of the roots of the autoregressive polynomial — are needed to rule out explosive
behaviour of the first differences {Ay,}. Here we ensure this through a constraint on the

joint spectral radius of two auxiliary companion-form matrices. For § € [0, 1], define

(6100 G20 -+ Groso Or-10)
) o --- 0 0
Fs=1] 0 1 (2.2)
- 1 O -

and let A\jsr(A) denote the joint spectral radius of a bounded collection of matrices A,

which may be defined as

Ajsr(A) = limsup sup )\(M)l/n
n—oo MeA"
where A(M) denotes the spectral radius of M, and A™ :== {[[}_, 4; | A; € A} (cf., Jungers,
2009, Defn. 1.1).

Assumption A4. \jsp({Fo, F1}) < 1.

Approximate upper bounds for the joint spectral radius (JSR) can be computed numer-
ically to an arbitrarily high degree of accuracy using semidefinite programming (Parrilo
and Jadbabaie, 2008), making it possible to verify whether the condition is satisfied for a
given set of parameter values (see Duffy, Mavroeidis, and Wycherley, 2023, for a further
discussion). Assumption A4 ensures that the process y; does not exhibit explosive beha-
vior by jointly controlling the dynamics across both the censored (6 = 0) and uncensored
(6 = 1) ‘regimes’. Without this restriction the interaction between the two regimes could
generate a ‘bouncing’ effect, where hitting the lower bound triggers a strong rebound,
potentially leading to exponential growth.

Bykhovskaya and Duffy (2024, Theorem 3.2) show that under Assumptions A1-A4

1

ﬁyLTTJ LN (1)_1€COT/¢(1) (K(T) + E/uS[; [—K(T/)]+) =Y (1), (2.3)



on D[0, 1], where

K(7) = ¢(1)by + ag /T e~o/?W dr 4 g /T e=0r/?W T (r)
0 0
for ¢(1) = 1 — Zf;ll ¢io > 0, and W(-) a standard Brownian motion. The limiting
distribution of the estimators of o and 3, though not of ¢, will be shown below to depend
on the process Y(-) — a dependence similar to that of the OLS estimators on the limiting
Brownian Motion (or Ornstein—Uhlenbeck process) in a linear autoregressive model with
a root at (or local to) unity. In fact, the process K(-) — which Y'(-) is the constrained
counterpart of — corresponds exactly to the limit of a local-to-unity autoregressive process.
So surprisingly, despite the Tobit model’s added complexity due to censoring, a similar
asymptotic structure emerges: the limiting distributions of our estimators will closely

resemble those of a linear autoregression, albeit with a nonlinear limiting process Y'(-).

3 Estimation and inference

This section introduces two estimation methods — Gaussian maximum likelihood (ML) and
censored least absolute deviations (CLAD) — and establishes their asymptotic properties.
We show that the estimators of the coefficients ¢, on the stochastically bounded (though
not stationary) lags Ay, , are asymptotically normal under both methods, permitting
standard inferences to be drawn. As discussed further in Section 4.3, this contrasts
sharply with the behaviour of ordinary least squares estimators, which have some limiting

bias (of order T7'/2) due to the censoring, even in the presence of a local to unit root.

3.1 Maximum likelihood

To permit estimation by maximum likelihood, we need to make a parametric assumption
regarding the distribution of the innovations {u;}. A conventional choice — which is
particularly attractive for computational reasons, because it yields a loglikelihood with a

convex reparametrisation — is for u; to be Gaussian, as per the following.
Assumption B. u; ~ N[0,03], and §, > 2 in A3.

Note that for {u,} itself, the maintained Gaussianity makes the condition on d,, redund-
ant; this condition is nonetheless still needed instead to ensure that the initial conditions
also have a little more than four finite moments.

Under assumption B, when {y;} is generated according to (2.1), the conditional density

of y, given (y;_1,...,y_x), evaluated at the values y, ; =y, ; fori € 0,... k, is

o tploHyy — a — Byt — ¢ Ay, ) ifye >0,
fappo) Ve | Vet Yeor) = 1 . e (3.1)
1 —®lo (o + Byi—1 + @ Ay,_1)] it y, = 0;



where y; 1 = (Ye1,---,Yent1)', and ®(z) and ¢(z) denote the standard normal cdf

Lefo/2
V2m
maximises the loglikelihood of the {y,}/_; conditional on the initial values {y;}?__, ., i.e.

and pdf functions, i.e. p(x) = . We consider a conditional ML estimator that

which maximises

T
Lr(o,B,¢,0) = > 108 fiape) Ut | Yts- - Yir)
t=1
with respect to a, 3, ¢, . Define
(&, OF, dp,0F) € argmax  Lr(a, B, ¢,0)

(@,8,¢,0)ERFF2XR

to be a sequence of maximisers of Lr. Let = plimy_, 4> Ay, 1Ay] |, which
exists and is positive definite as a consequence of Lemma B.4 in Bykhovskaya and Duffy
(2024).

Theorem 3.1. Suppose A1-A4 and B hold. Then

- o) L pyee ][ wo 32)
T =Po) | o Ty Y(n)dr [yYAm)dr] (Y (r)dW(r) |
Jointly with
1/2 é”% — @, d 089—1 0 1/2
' (67) — 08] Tooo [ 0 (20(%)—1] § (3.3)

where & ~ N[0, I},] is independent of W (and therefore alsoY").

In contrast to the classical autoregressive setting, where the Gaussian MLE is numer-
ically identical to OLS, and therefore has the same asymptotic distribution, Theorem 3.1
and the simulations in Section 4.3 show that censoring breaks this equivalence (see Byk-
hovskaya and Duffy (2024, Theorem 3.4) for the OLS limit theory). Interestingly, the ML
distributions in Theorem 3.1 match their OLS counterparts in the linear autoregressive
model — see e.g. Hamilton (1994, (17.7.25), (17.7.27)) — modulo the limiting Y being a
different process.

The asymptotic variance in (3.3) is given by the inverse of the information matrix,
i.e., the inverse of the negative Hessian (see Proposition B.1), matching the corresponding
result in the stationary case (de Jong and Herrera, 2011, Theorem 3). Unlike in the
stationary case, where censoring binds much more frequently (O(T) rather than O(v/T)
times), here we can obtain an explicit form for the Hessian, which is unaffected by censored

observations apart from their impact on the limiting Y process in (3.2).



3.2 Censored least absolute deviations

The censored least absolute deviations (CLAD) estimator of (2.1), which we denote as

(&%, B% &)5“)7 minimises

T
Sr(e, B,6) =
t=1

as per Powell (1984). The presence of the positive part — reflecting Tobit-type censoring

yo — o+ By + ¢TAyt71]+) (3.4)

as in (2.1) — within the objective function (3.4) renders the criton function non-convex,
making the analysis of the CLAD estimator rather more challenging than that of its
uncensored counterpart. A further complication arises from the high persistence in {y;},
which prevents the application of maximal inequalities or uniform central limit theorems

appropriate to stationary processes.
Assumption c.

1. uy 18 continuously distributed, with density f, that is positive at zero, bounded, and
continuously differentiable with bounded derivatives, med(u;) = 0 and 6, > 2 in A3;

and
2. (g, Bo, o) T € T1, for some compact TI C R¥2 and (0,1,¢])T € int II.

We expect that our requirement that u; have a little more than four finite moments
(6, > 2) could be relaxed to two finite moments. Obtaining the limiting distribution in

the latter case would necessitate a sharper bound on the order of

T

Z H{ao + Boyi—1 + ¢oTAyt—1 < 0},

t=1

which is closely related to the rate at which censored observations occur. The arguments
used to prove the following theorem rely on an estimate of 0,(7") for such terms, but this
could likely be improved to O,(T"/?).

Theorem 3.2. Suppose that Assumptions A1-A4 and C hold. Then

TV2(65 — ap)| 4 1 1 [ Y(r)ydr| w(1)
T(B% — Bo) ] T=oo 2f,(0) | [FY(r)dr [} Y2(r)dr| | [} Y(r)dW(T) (3:5)
jointly with, and independently of
“ L d 1 _
VT(Sr = o) 752 57V (097, (3.6)



where Q = plimy_, . = S Ay Ay] and W() is a 1-dimensional Brownian motion,
such that the covariance matriz of (UOW(-),W(-))T is

o 03 E[uw '
E’Ut| 1

Deriving the limiting distribution of the CLAD estimators involves two steps: the
first establishes their rates of convergence, while the second yields a quadratic approxim-
ation to the centred CLAD criterion function Sz, on a shrinking neighbourhood of the
true parameters. Compared to a long-established route to the asymptotics of extremum
estimators, here the details in each step are considerably complicated by the strong de-
pendence and nonstationarity of the data. For example, this is evident in the fact that
the ‘usual’ centring of St — or more accurately %ST —around its population expectation
%]EST is not appropriate, because while the latter would indeed be minimised at the true
parameters, the non-ergodicity of y; prevents this quantity from ever being approached

by %ST. We therefore instead centre the latter around its predictable component,

T

1

T E Ei 1|y — [a+ Bye—1 + ¢TAyt—1]+"
=1

Though it is random, and remains so even in the limit, this object is nevertheless suited
to playing the role of the ‘population criterion function’ in our arguments. For while it
is not exactly minimised at the true parameters, its minimum will become increasingly
proximate to those in large samples. Moreover, centring %ST around this quantity yields
a martingale, a structure that we exploit repeatedly in our arguments.

Comparing our asymptotic results with those for (uncensored) LAD in the linear
regression setting of Herce (1996, Theorem 1), we see that our limiting distribution closely
mirrors its linear counterpart, with the only difference being the limiting Y processes that
appear in those two limits.

It is also worth comparing the results of Theorem 3.2 with their stationary counterparts
de Jong and Herrera (2011, Theorem 5) and Bykhovskaya (2023, Theorem 6). In both
cases, the limiting distribution features the same factor 2f+(0)7 where the density at zero
arises from a Taylor expansion and governs the behavior of the estimator when y;_; is
close to zero. Moreover, the asymptotics for the short-run coefficients (}bL match their
stationary analogue, since the number of observations with 3, = 0 is small enough that
5, Ay Ayl and 7>, H{y, > 0}Ay,_1Ay/_; are asymptotically identical. Finally,

the quadratic variation of




(a) VTa. (b) T(6 —1). (c) VT(d1 — ).
Figure 4.1: Asymptotic distributions based on MLE and CLAD. Data generating process:

e = [Yeo1 + 0581 +we),, Yo = y—1 = 0, uy ~ iid. N(0,1), T = 1000, MC = 100,000
replications.

1s
1 fol Y(r)dr

fol Y(r)dr fol Y2(7)dr ’

so that the variance of the right-hand side of (3.5) closely parallels its stationary coun-

terpart.

4 Discussion

4.1 Pros and cons of CLAD and MLE

When u; follows a standard normal distribution, both Theorems 3.1 and 3.2 are applicable,
allowing us to compare the variances of the short-run coefficients in MLE and CLAD. In
this case, qu;(O) = 09y/7/2 = 1.250¢, implying roughly a 25% increase in the standard
deviation of CLAD relative to the (optimal) ML estimator. The increased asymptotic
variance of all CLAD coefficients compared to MLE is illustrated in Figure 4.1. We
observe that, because the asymptotic distributions of both CLAD and MLE estimators of
ap and fy involve the non-standard limiting process Y'(-), they are skewed and centered
at positive values for ay and negative values for [y, with the MLE exhibiting tighter
concentration than CLAD. In contrast, the short-run estimators are all centered at zero
and approximately normal, though again with CLAD displaying higher variance than
MLE.

On the other hand, relative to the (Gaussian) MLE, a major advantage of the CLAD
estimator is that it is semiparametric, insofar as it does not require a parametric assump-
tion on the distribution of the errors w;. As illustrated in Section 4.4.2 and previously
in de Jong and Herrera (2011) and Bykhovskaya (2023), real-world data can deviate sub-
stantially from Gaussianity, in which case the CLAD estimator is likely to yield more
reliable inferences.

Our simulations suggest that the asymptotic behavior of MLE changes little when
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Figure 4.2: Asymptotic distributions based on MLE and CLAD when errors follow Laplace
distribution. Data generating process: ¥y = [y;—1 4+ 0.5Ay, 1 +w,, yo = y-1 = 0,
uy ~ i.i.d. Laplace(0,1/+/2), T = 1000, MC = 100, 000 replications.

the errors are non-Gaussian, so long as they have sufficient moments, consistent with
the well-attested good performance of quasi-MLEs. However, depending on the value of
fu(0), CLAD may now be more efficient than the quasi-MLE. For example, if u, follows a
Laplace(0, 1/v/2) distribution, so that Eu, = 0 and Eu? = 1, we have f,(0) = 1/v/2 and
1/2f,(0) = 1//2 ~ 0.7 < 1. In this case, the MLE standard deviation for the short-run
coefficients is almost 1.5 times larger than that of CLAD. This is illustrated in Figure 4.2,
where the behaviour of the MLE estimator is very similar to that observed for Gaussian
errors in Figure 4.1, while the CLAD estimator is now much more tightly distributed,
reflecting the higher value of the density at zero (1/4/2 for the Laplace distribution versus
1/4/2r for the standard normal). The same pattern is observed when the errors follow
a t-distribution with v degrees of freedom, where v € (2,4.6] to ensure that variance is
well-defined and 2f,(0) > 1.

The main drawbacks of the CLAD estimator come from two aspects. First, the CLAD
optimisation problem is non-convex, potentially causing numerical optimisers to converge
local rather than global optima, and thus to be sensitive to their initialisation. The
Gaussian loglikelihood, by contrast, may be reparameterised so as to render the objective
function concave, thereby avoiding this problem.! (This may in turn be used to provide
reasonable starting values for the optimisation of the CLAD criterion function.) The
second drawback stems from the necessity of estimating f,,(0) for the purposes of inference
(i.e. to construct confidence intervals or conduct hypothesis tests). We tackle this by
means of kernel density estimation, as proposed in Powell (1984, (5.2) and (5.5)), though

this has the undesirable consequence of rendering inferences dependent on the choice of a

bandwidth parameter.

LAs per Olsen (1978), the new parameters are a/a, /0, ¢/o, and o~ 1.
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4.2 Uniform confidence intervals

In the spirit of Mikusheva (2007), Theorems 3.1 and 3.2, together with their stationary
counterparts, can be used to conduct uniform inference in the dynamic Tobit model.
In particular, limiting distributions in (3.2) and (3.5) allow the construction of a joint
confidence set for the intercept oy and the sum of the autoregressive coefficients ;. Both
localizing parameters, ag and ¢, enter the limiting process Y'(+) and therefore affect the
asymptotic distributions of the ML and CLAD estimators.

In contrast to the linear autoregressive model, where persistence is governed solely by
Bo, here both coefficients influence the degree of persistence. As a result, the relevant con-
fidence region takes the form of a two-dimensional ellipse rather than a one-dimensional
interval. This region can be constructed by forming a Wald-type statistic for the hypo-
thesis ap = 0, By = 1 and inverting the corresponding test. Individual confidence sets
for each coefficient can then be obtained by projecting the ellipse onto the respective

coordinate axis.

4.3 Comparison with OLS

It is noteworthy that all three estimators share a common structure in their asymptotic

distributions: the inverse of

1 fol Y(r)dr

fol Y(r)dr fol Y?2(7)dr

appears in the asymptotics of the the estimators of («yg, 5y), while the limiting variance of
the estimators of ¢, depends on the inverse of 2. This structure mirrors the limit of the
properly rescaled OLS regressor signal matrix X7 X, for the regressors (1,11, Ay] )T

There are two significant advantages to using MLE or CLAD relative to OLS. The
first advantage is that the former two are consistent both under stationary and (near)
unit root regimes (see e.g., de Jong and Herrera (2011) and Bykhovskaya (2023)), while
OLS is consistent only under the (near) unit root regime (see, e.g., Bykhovskaya (2023,
Supplementary material) for inconsistency results and Bykhovskaya and Duffy (2024) for
consistency results). Since an empirical researcher is typically a priori uncertain about
the level of persistence in the data, using MLE or CLAD permits valid inferences to be
drawn more robustly.

The second advantage is related to the estimation of the ‘short-run’ parameters ¢;,
for i € {1,...,k — 1}, i.e. the coefficients on the lagged differences Ay, ;. As is shown in
Theorems 3.1 and 3.2, both the MLE and CLAD estimators of theses are asymptotically
normal, leading to standard normal ¢-statistics. By contrast, as illustrated in Figure 4.3,
the OLS asymptotic distribution of qglpLS and its corresponding t-statistic (solid blue

curves) are not centered at zero, as a consequence of the censoring. In particular, the

11
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Figure 4.3: Asymptotic distributions of /T ((;31 — ¢1) and of t-statistic for ¢; based on
three estimation procedures. Data generating process: y; = [y;—1 + 0.5Ay; 1 + uy] Yo =
y_1 =0, uy ~1iid. N(0,1), T = 1000, MC = 100,000 replications.

mean of the OLS t-statistic in Figure 4.3 is approximately —0.4. This negative mean
represents the non-degenerate limit of \/LT > Y Ayy—q, where y, = min{0, ag + Boye—1 +
¢ Ay, | +u,}. The intuition is that the positive-part binds Op(\/T ) times, so there are
Op(\/T ) nonzero y, , which, when scaled by \/if, generate a negative bias. In contrast,
the simulated distributions of the ¢-statistics for the ML (red dashed curve) and CLAD

(black dash-dotted curve) estimators align closely with the standard normal density.

4.4 Model selection and illustrations

The fact that the t-statistics for ¢; are asymptotically standard normal, for both MLE and
CLAD, can be used for the purposes of model selection. In particular, one can determine
the appropriate lag order k for the model via a sequential test of the null Hy : ¢r_1 = 0,
starting from some relatively high value k = ko, and then reducing k (by one) so long as
the associated t-statistic does not exceed the a-level normal critical value. In contrast,
since the OLS t-statistics for the ¢; parameters have a non-standard limiting distribution,
the naive use of these in such a model selection procedure may lead to an inappropriate
choice for k.

This is illustrated below with two data sets. For each we estimate a kth order dynamic
Tobit, for various values of k, using MLE and CLAD. For each k, and each estimation
method, we compute the corresponding t-statistic for Hy : ¢_1 = 0. The standard errors
of the estimators are obtained from Theorems 3.1 and 3.2. The matrix () is estimated
by its sample analogue, while the density at zero, required for the CLAD estimator, is

estimated using a uniform kernel, as recommended by Powell (1984).
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Figure 4.4: 3-month Thills and associated Tobit(k) t-statistics.

[ 8 |

|«

o1 | b2 | s | 9a | b5 | o | ¢r
MLE [-025]1.03] 039 | -0.34 | 0.32 | -0.10 | 0.13 | -0.08 | -0.22
(6.98) | (5.76) | (5.14) | (1.50) | (2.18) | (1.35) | (3.95)
CLAD | -0.00 | 1.00 | 043 | -0.09 | 0.12 | 0.02 | 0.04 | -0.04 | -0.15
(9.87) | (1.94) | (2.56) | (0.49) | (0.92) | (0.96) | (3.49)

Table 4.1: 3-month Thills: MLE and CLAD estimates with t-statistics for ngSZ coefficients.

4.4.1 US Treasury bill rate

Treasury bill rates in the United States have been near the zero lower bound (ZLB)
during three historical periods: during the 1930s and 1940s following the Great Depression,
during and after the 2007 Global Financial Crisis, and more recently during the COVID-19
pandemic. We use quarterly interest rates on 3-month Treasury bills, with data extending
back to the 1920s. The data set is based on Ramey and Zubairy (2018) and extended using
FRED data through the first quarter of 2025, so that 7" = 421. We treat values below 0.5
as effectively at the zero lower bound, so that our identified ZLB periods closely align with
those in Ramey and Zubairy (2018). Figure 4.4a displays the interest rate data, while
Figure 4.4b presents the corresponding t-statistics computed for k € {2,...,20} (i.e., up
to 5 years of quarterly lags).

Comparing the t-statistics in Figure 4.4b with the 5% normal critical value for a two-
sided test (1.96), we find that in most cases both estimation methods yield the same
results, and point to the model with k = 8 as the preferred specification. There are, how-
ever, three values of k, 3, 6, and 14, where the methods yield slightly different conclusions,

as the CLAD t-statistic falls below 1.96 for k = 3,6 and above it for k£ = 14. We report
the estimation results for £ = 8 in Table 4.1.
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Figure 4.5: Daily Covid-19 cases in Rowan county, NC and associated Tobit(k) t-statistics.

4.4.2 Countywide Covid-19 cases

Understanding and predicting the evolution of pandemic case counts is critical for ef-
fective public health planning and response. Accurate forecasts can inform timely policy
decisions such as implementing social distancing measures, allocating medical resources,
or guiding vaccine distribution. This stresses the importance of valid model selection.
To illustrate our approach to pandemic model selection, we use Covid-19 case data for
Rowan County, NC, obtained from USAFacts (accessed July 15, 2025). Rowan County
provides an instructive example due to its moderate population size and relatively local-
ised outbreaks.

We use daily data for 351 consecutive days, stopping before reporting irregularities
become prevalent: when missing cases began to be accumulated into subsequent days.
The sample begins on March 19, 2020 (the date of the first reported case) and ends on
March 4, 2021. Unlike the previous example, we do not apply artificial censoring; the 22
zero observations correspond to days when no positive cases were recorded.

Figure 4.5 summarizes the data and the associated ¢-statistics. In contrast to the
previous example, we now observe substantial disagreement between CLAD and MLE,
with CLAD favoring more complex models. This divergence suggests that the data may
not be well approximated by a normal distribution, consistent with findings in the liter-
ature showing that Covid-19 case counts deviate significantly from both normality and

log-normality (e.g., Gongalves, Turkman, Geraldes, Marques, and Sousa (2021); Cohen,
Davis, and Samorodnitsky (2022)).
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5 Conclusion

This paper develops asymptotic theory for maximum likelihood (ML) and censored least
absolute deviations (CLAD) estimation in dynamic Tobit models under local unit root
(LUR) asymptotics. While earlier work had established consistency (and asymptotic
normality) of these estimators in the stationary setting, we show that both ML and
CLAD remain consistent in the LUR regime and derive their asymptotic distributions.
A key finding is that the short-run parameters are asymptotically normal under both
methods, facilitatig standard inference and model selection via sequential ¢-testing.

These results contrast sharply with the behavior of ordinary least squares (OLS),
which, although consistent under LUR, yields ¢-statistics for the short-run parameters that
have an asymptotic bias and non-standard distribution. Consequently, model selection
procedures based on OLS can be misleading, especially in settings with censoring and
persistent dynamics.

Overall, our results suggest that MLE and CLAD offer viable and robust alternatives
to OLS in dynamic censored models, with significant advantages for inference and model
selection. Future work could extend the analysis to accommodate time-varying volatil-
ity, covariates, or alternative forms of censoring commonly encountered in economic and

financial data.

A Auxiliary lemmas

Notation. ep,; denotes the i¢th column of an m x m identity matrix; when m is clear
from the context, we write this simply as e;. For S C R™, let L"(S) denote the set
of functions that are uniformly bounded on compact subsets of S, equipped with the
topology of uniform convergence on compacta. (When S is compact, this coincides with
the uniform topology.) Let F; :== o({ys}s<0, {ts}s<:) denote the filtration generated by

the initial conditions and the innovations {u,}.

For ease of reference, we start by presenting some technical results. We will use the
following two properties. First, let y; = [ar0+Broyi—1 +¢OTAyt,1+ut]_ and v; = u—y, ,
where [z]_ := min{z,0}. Then the evolution of {y;} may also be described by

Yy = oo + Broye—1 + ¢oTAyt_1 + v = X1 + Uy, (A.1)
where we have also defined
Ty—1 = aro + Broyi—1 + ¢0TAyt_1- (A.2)

Second, as noted in the proof of Bykhovskaya and Duffy (2024, Lemma B.2), since the
polynomial ¢(z) =1 — Zle $i 02" has all its roots outside the unit circle under A1-A4, it

15



has a well defined inverse ¢p~1(2) == oo, 2" for all |2] < 1.

We also define the scaled regressor process:

T71/2
21,17 = T~y (A.3)
T-12Ay, .

Lemma A.1. Suppose A1-A4 hold. Then

(i) there exists a C' < oo such that max_j o<i<7||Aytll21s, < C;

(i) 7' (Ay, ) (Ay, )T 5 Q, where Q = [Qy;]571, is positive definite, with Q;; =

INES
08 D Vo Yntliil;
(iii> Zle Y—1Ay, | = Op<T)-

Lemma A.2. Suppose A1-A4 hold, M > 0, and let g(x) be a bounded function such that
lg(x)| = 0 as ¥ — +oo. Let {Vyr}E, be such that T2V .1 1 N Y (1), where Y (-) is
defined in (2.3). Then

(i) Jy 1{Y(r) < M}ydr %0 as M — 0;
i) T 1V < MY 20 as T — 0o and then M — 0; and
(iii) ]E‘T_l ZtT:1 g(:ytfl,T)‘ =o(1).
In particular, the preceding holds with Y,_1 1 = aro + Broyi—1 + gbgAyt_l.
Lemma A.3. Suppose A1-A4 hold. Then

() S zeira oy % Qyz jointly with % STy S 5o W (7), where

1 fol Y(r)dr 0
Qzz = fol Y (7r)dr fol Y2(r)dr 0
0 0 Q

s a.s. positive definite;
(it) maxozier (|27l = Op(T/2FH0)) = 0,(1);
(i) TS0, 1y = 0} = 0,(1); and
(iv) 3oy 210wl {ys > 0} = 0,(T"/?)
Suppose further that A3 holds with 0, > 2. Then

V) Szt = 0,(T7Y);
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(vi) ZtT:l {y: = 0}|ve|™ = 0,(T") for each m € [1,4].

Lemma A.4. Let ®(z),(x) denote the standard normal cdf and pdf functions and let
Az) = p(z)/[l — ®(z)] be the inverse Mills ratio. There exists a C' < oo such that
Az) < C(1+ [z]4) and |N(z)| < C for all x € R.

Proof of Lemma A.1. (i), (ii) and (iii) correspond to Lemma B.2 and parts (iii) and (iv)
of Lemma B.4 in Bykhovskaya and Duffy (2024).
Regarding the positive definiteness of €2 asserted in part (i), by defining the stationary

autoregressive process
k
wy = E OiWi—; + Uy
i=1

and setting w; = (wy, ..., ws_py1)', we obtain that Q = Ew,w/ is necessarily posit-

ive semi-definite. Further, by the independence of w; from {w,},~;, we have for a =
(ar,...,a;)" that V(a"w;) > V(ajus) = a0?, and so is nonzero so long as a; # 0. If
a; = 0, then we similarly get V(aTw;) > V(agu;_1) = a303, which is nonzero as long as
as # 0. Repeating the same argument, it follows that there does not exist any a € R¥\ {0}

such that a"™Qa = V(a"w;) = 0. O

Proof of Lemma A.2. (i). Let ¢y = ¢(1)"'co and Y*(7) == ¢(1)e 7Y (1), where ¢(1) >
0 as a consequence of A4, as noted in Bykhovskaya and Duffy (2024, Remark 3.1). Then
Y*(r) = K(7) + sup[- K ()],

'<r
T T

K(1) = ¢(1)by + ao/e_%’"dr + ag/e_%rdW(r).

0 0

Now consider

/0 Y (7) < M}dr — /0 Y*(7) < Mo(1)e—7} dr
< /1 H{Y* (1) <2M¢p(1)(1 +e %)} dr
= /1 1{0 < Y* (1) <2Mo(1)(1 +e )} dr

since Y*(7) > 0 for all 7. It remains to show that the r.h.s. vanishes as M — 0. To that
end, observe that K (-) is a continuous semimartingale, and that the (weakly) increasing
process sup,.,[—K(7')]; is continuous and has finite variation. Hence Y*(7) is also a
continuous semimartingale, with quadratic variation

1— 672c¢7')

V)= K=o [Tereat = BT ey

20¢
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and p*(7) = o027 when ¢y = 0. It follows by Corollary VI.1.9 of Revuz and Yor (1999)

that, almost surely
1
/ 1{0 < Y*(r) < M} dp(7) = 0
0

as M' — 0. Since p* and Lebesgue measure on [0, 1] are mutually absolutely continuous,
it follows that

1
/ 1{0 < Y*(r) < M'}dr — 0
0

as M' — 0, as required.
(ii). Letting hps(z) be any smooth function such that 1{z < M} < hy(x) < 1{z <
2M}, we have by the continuous mapping theorem (CMT) and the result of part (i) that

T Zl{T‘l/yt1T<M}<T Zh TV )

1
—>/ hat[Y d7</ 1{Y(r) < 2M}dr %0
0

as T' — oo and then M — 0.

(iii). Let € > 0 and M > 0: then for all T sufficiently large, |g(z)| < € for all
x > TY2M. Since there exists a C' < oo such that |g(z)| < C for all z € R, it follows
that for such T,

T
<SCT'Y TV < M}+e (A.4)

t=1

T
T! Zg(yt—l,T>
t=1

Deduce, by the result of part (i), that the r.h.s. of (A.4) is bounded by 2¢e w.p.a.1 as T' — o0
and then M — 0; since € was arbitrary, it follows that 7! Zthl 9(Vi—1.1) = 0,(1). Since
g is bounded, this holds also in L*.

Regarding the final claim, we need only to note that in this case

T_1/2y|_TTJ,T = T_l/QOéT,o + T_l/gﬁT,oyLTTJ + T_1/2¢0TA?JLTTJ 4 Y (7)

by Lemma A.1(i) and Theorem 3.2 in Bykhovskaya and Duffy (2024). O

Proof of Lemma A.3. (i). We have

T 1 T2y v Ty (Ay, )"
Z Zt—lsztT—LT = | T7%? Z?:l Y1 T ZtT:1 Yi T8 Zthl Y1 (AY,_1)"
= T ZtT:1 Ay, , T2 ZtT:1(Ayt71)yt—1 T 23:1(Ayt71)(Ayt71)T
1 fol Y(r)dr 0
fol Y(r)dr fol Y3(r)dr 0
0 0 Q
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by parts (ii) and (iii) of Lemma A.1, Theorem 3.2 in Bykhovskaya and Duffy (2024) and

the CMT, noting in particular that Z?zl Ay, 1 = Yr_1—Yo = O,(T"?). The a.s. positive

definiteness of the final matrix follows since €2 is positive definite, by Lemma A.3(ii).
(ii). We have

max ||z 7[> < T+ 77! max (T72y,_1)? + T7* max || Ay,|?

1<t<T 1<t<T 1<t<T

_ Op(T_l) + Op(T_1+2/(2+6")) _ Op(T—5u/(2+6u))
by Theorem 3.2 in Bykhovskaya and Duffy (2024), and Lemma A.1(i).

(iii). Let 0 > 0, and hs(x) be any smooth function such that 1{0 < z < 0} < hs(z) <
1{0 < x < 2§}. Then by the CMT and Lemma A.2(i),

T T 1 1
T 1y =0} < T hs(T7y,) A / hs[Y (7)] dr < / 1{0<Y(r) <26}dr B0
t=1 t=1 0 0

as T — oo and then § — 0.

(iv). Decompose

T T T
Z 17w {y, > 0} = Z Zt—1,7Ut — Z 217w 1{y, = 0}.
t=1 t=1 t=1

For the second r.h.s. term, two applications of the CS inequality yield

T T /2 , 7 1/4 , 7 1/4
S vl 1 = 0) < (ZHzm,T\!2> (z\utw) (z Lo = 0})
t=1 t=1 t=1

t=1

= 0,(1) - Op<T1/4) : Op(T1/4) = Op(Tl/Q)

by the results of parts (i) and (iii). Next, note

T T T—1/2
Z Zt—1,7Ut = Z T Yy Uy
t=1 R I

By Theorem 3.2 in Bykhovskaya and Duffy (2024) and Theorem 2.1 in Liang, Phillips,
Wang, and Wang (2016), the second component converges weakly to o fol Y (7)dW (1),

and so is O,(1). The remaining components form a martingale with variance matrix

1 0

g
“10 E(Ay,_,)(Ay] )

which is uniformly bounded by Lemma A.1(i); hence these components are also O,(1).
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(v). Note that there exists a C' < o0 (depending only on n) such that for all x =
(1, @) €RY z||* = (X, 23)? < C Y. o). Therefore, in particular

zlz

Zuzt Ll <cz (172 + T4y |* + T7%| Ay, 1]

t=1
1+7“1§:
t=1

= Op(Til)

=CT!

Yp—1 |4 _
S 4T Sl
t=1

since E||Ay,_,||* is uniformly bounded by Lemma A.1(i), and

- Z?;l/;\ % [V

by Theorem 3.2 in Bykhovskaya and Duffy (2024) and the CMT.

(vi). Note that we always have

Up = U — Yy = U
since —y, > 0, while if y, = 0, then by (A.1)
0=y = aor + Boryer + P Ay,_y + 00 > aor + Gg Ay, + vr.

Thus v, < v < —apr — (;bgAyt,l when y; = 0, whence there exists a C' < oo (depending
only on m, ag and ||¢||) such that

E1{y: = 0}ve|™** < E(Jue| + loor| + [l ol [ Ay, [)™*
< C(1+ Elu[™ + E[| Ay, ,[|"*).

In view of Lemma A.1(i), we may take 6 € (0,0, — 2) such that the r.h.s. is uniformly
bounded, for all m € [1,4]. Hence, by Holder’s inequality,

T T 5/(m+0) T m/(m+3)
> 1{y = 0}u™ < (Z {y, = 0}) (Z 1y, = 0}|vt|’”+5)

t=1 t=1 t=1

= 0p(T°/"H0)) - Op(T™/ ")) = 0,(T)

by the preceding and the result of part (iii). O

Proof of Lemma A.J. Both bounds are an immediate consequence of the bound given in
(3) in Sampford (1953). O
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B Maximum likelihood

To economise on notation, in this section we shall generally write &} as merely &p. Define

p=(a,3,0")7, J=0"", pPTo = (aT,OaﬁT,mqbg)T? Dy =05,

m=(p",9)7, Tr,0 = (P;O,ﬁo)T,

where the ‘0" subscript denotes the true parameter values.
It will be convenient to rewrite the estimation problem in terms of local parameters,

defined as:

a TY2 0 0 a—arg
r=lc|l=|10 T 0 B—Bro| = Dur(p—pro), =T — 1),
f 0 0 T2 [ p—d,

which we collect together as

L T . Dr,T 0
P=10 71 o 1

For each T' € N, there is a bijective mapping between p and m. To reparametrise the

P — P10
¥ — Uy

] =: Dy (T — 710). (B.1)

model in terms of the former, let
mr(p) = Tro + Dyrp pr(r) = pro+ Dypr Or(h) = 9o + T2,

denote the model parameters corresponding to given values of p = (r",h)T. Since the
only constraint on the original parameter space is that ¥ > 0, the parameter space for p
is given by Pr := R x {h € R | h > —T"/20,y}; note that for any compact K C R¥*+2,
we will have K C Pr for all T" sufficiently large.

Recalling (A.1)—(A.3) above, we thus have

Yy —a— By — ¢TAyt71 = v+ (o — a) + (Bo — B)yi-1 + (P — ¢)TAyt71

= vy —(p—po) Drrze1r = ve — 211 o, (B.2)
for vy = uy — gy, , and

a+ Byt + @ Ay, = [ag + Boyi1 + ¢ Ayy_y]
+ [(o = ap) + (B = Bo)ye—1 + (¢ — ¢’0)TAyt_1]
=1+ thfLTr. (B.3)
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B.1 Proof of Theorem 3.1

We may now proceed to analyse the asymptotic behaviour of the loglikelihood. To that
end, let

9¢(p) =108 frr (Ve | Vi1, -+, Yiok)

denote the conditional density of y; given (y;_1,...,yi—x), when m = 7p(p). Then in view
of (3.1), (B.2) and (B.3), evaluating this at y, ; = y;_,; yields

9:(p) = Ly > 0} log I (h) [0 (h) (g — ar(r) — Br(r)yr—1 — dr(r) Ay, )]
+ 1{y, = 0} log{1 — @[ (h)(ar(r) + Br(r)yi—1 + dr(r) Ay, )]}
= 1{y, > 0} log Ip(h)@[Ir(h) (v, — 2L, 77)]
+ 1{y, = 0} log{1 — @[V (h) (w1 + 2[, 77)]}
= llog 97 (h) — 3 log 2|1{y; > 0} — J07.(h) (u; — 2, 7r)*1{y; > 0}
+ 1{y, = 0} log{1 — @[V (h) (2], 77 — )]},

since when y; > 0, y, = 0, so that v; = u;, and when y; = 0,
O=y =241+ v

so that v, = —zy_1. If 7 maximises Ly (), then p = D, r(7 — mr) maximises

lr(p) = Lrlar(p)] = >_ g:(p)

t=1

T
= Nrllog¥r(h) — Llog2r] — 203.(h) > (ur — 27, 7r)°1{y; > 0}

t=1

+Zl{yt—0}log{1— [Dr(h) (21 p7r — v}

where Ny = S, 1{y, > 0}.
Let Sr(p) and Hy(p) denote the score (gradient) and Hessian of ¢7 at p. The proof of
the following is deferred to Appendix B.2.

Proposition B.1. Suppose A1-A4 and B hold. Then jointly with = ZLTT Uy KN aoW (1),
(i) Sp(0) % S, and

(i) He(p) % H on Luee(RF+2)
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where

W(1) 1 o Y(r)dr 0 0
1 1 1
S = ot Jo Y(r)dW (r) Hoe —g? | Y(r)dr [, Y?*(r)dr 0 0
QY2 0 0 Q 0
212629 0 0 0 20

with &qy ~ N0, I], {2y ~ N[0,1] and W(-) being mutually independent.

Since /7 is twice continuously differentiable on P, we have by Taylor’s theorem that

for every p € Py, there exists a § € [0, 1] such that

lr(p) — £r(0) = Sr(0)"p + QPTHT((SP)
= Sr(0)"p+ 5p"Hr(0)p + p" Rr(0p)p (B.4)

where Rp(p) == Hr(p) —Hr(0). By Proposition B.1, Ryp(p) 2 0 on L"(R¥+2), and hence
(r(p) = £r(0) 5 STp+ 3p" Hyp

on LU<(R*¥2). Since H is a.s. negative definite, the r.h.s. almost surely has an unique
maximiser at p* = —H'S. With the aid of a convex reparametrisation of ¢, we then

have the following, whose proof appears in Appendix B.3
Proposition B.2. If pr = (71, hy) € argmax,cp, {7(p) for all T, then pr LN pr.

Since we may evidently take ppr = D, 7 (7 — 7rp) in the preceding, it follows that

Dp’T(fTT — 7TT’0) i) —H_IS. O

B.2 Proof of Proposition B.1

Partition the first and second partial derivatives of g;(p) as

V,01(p) = ;; 0(p) = [gi )] — 5,(p),
. VTT V}W Hrrt(p) tht(p) .
vppgt (p) = lvrh Vi gt(P) [ Tht (p) Hhh,t (p)] : pr,t(P)

Recalling the definition of the inverse Mills ratio (see the text preceding the statement of

Lemma A.4), differentiation and straightforward algebra then yields

Sre(p) = V7 [9r(ue — 21 o) Hye > 0} = AWz (271 77 — v)]1{ye = 0} 20, (B.5)
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where we have suppressed the argument of ¥7(h) to reduce notational clutter, and
H,pi(p) = =07 [y > 0} + N[Or(21 g7 — v)]H{ys = 0} 21,0201 1 (B.6)
Similarly, differentiating with respect to h yields

Sna(p) = T7V{[05" = Or(ur — 20, 7)1 1{y; > 0} (B.7)
- (z;r—l,TT - Ut>/\[79T(Z;r—1,T7" —vy)|1{y, = 0}}

and

Hyna(p) = T H[=97% — (u; — ZJ—I,TT)ﬂl{yt > 0} (B.8)
- (th—l,TT - Ut)QXWT(th—LTT —vg)|H{y: = 0} }.

Finally,

Hypa(p) = T~207'S,.4(p) (B.9)
+ T2z 1| (ur — 2z 1)y > 0}
- (ZtT—l,TT - vt)X[ﬁT(th_l,Tr — )| H{y, = 0}].

B.2.1 Proof of part (i)

By construction, the process

ST,T(O)

ST(O) = Shj(())

— i [Sr,t(o)]
t=1 Snt(0)

is a martingale (see e.g., Hall and Heyde, 1980, Ch. 6). It follows from evaluating (B.5)
at p = 0 (so that ¥ = vy), in particular, that

T

S,r(0) = Zzt—l,Tmt;

t=1

where
my = Vo [ous 1{y: > 0} — A[Jo(—v¢)|1{y; = 0}]
= Uo [Jowr 1{y: > 0} — AM(Jozs—1)H{y: = 0}]

is a martingale difference sequence. We first show the following.
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Lemma B.3. Suppose A1-A4 and B hold. Then

T
S, 7(0) = 93 Z Ze—17ur + 0p(1) = M, + 0,(1)

t=1

Proof. Consider

19(2)Et_1ut21{yt > 0} = ﬂgEt_lul%l{fEt_l + up > 0} = Et_l(’ﬁout)21{19out > —’190.17,5_1}

= / u2g0(u) du = —190[Et_1g0(190[[‘t_1) + (I)(ngxt_l) (B].O)

Yoxr—1

since Youy; ~ N|0, 1] under B, and because

/OO uwo(u)du = — /OO u' (u) du = —[up(u)]™, + h o(u) du
= —2p(=2) + [1 = &(=2)] = —2p(2) + ()
via integration by parts. Further, since y; = 0 if and only if x;_; + u; <0,
E, i A2 (Pozi—1)1{y; = 0} = N2 (Powi_1)Ee1 1{0ou; < —oz:_1}
= N (Wozi_1)P(—Voi_1) = ©(Oozi_1)AN(Domi_1). (B.11)

Similarly,
E;_190uA(Joxi—1)1{ye = 0} = AMoz—1)Er— 190w 1{douy < —Voxi—1}

—Yoxs—1
= )\(ﬁoa:tl)/ up(u) du = —p(Poxi—1)A(Vox—1)

oo

(B.12)

since

/_z up(u) du = — /_Z O'(u)du = —p(—2) = —p(2).

o0

Since the events {y; > 0} and {y; = 0} are mutually exclusive, it follows from (B.10)
and (B.11) that

Et_1m? = ’193 [ﬁgEt_1U?1{yt > 0} + )\2(’[901',5_1)1{:% = OH
= ¢ [~ Vozi_190(Doz-1) + P(Jozs-1) + ©(Oozi—1) A (Dozs-1)] = VgV (Vozs_1)

and from (B.10) and (B.12) that

E,_imu; = ﬁgEtflth]_{yt > 0} — ﬂoEt,lut)\(ﬁoa:t,l)l{yt = 0}
= —Voxi—10(Vozi—1) + P(Voz1—1) + (Pozi—1)A(Vox1—1) = Vo (Pozi-1)
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where Wq is bounded, and Wy(z) — 1 as z — co. Hence
Et_l(mt — 19(2)1615) = Et 1mt 2’[9 Et 1M Uy + 19 Et 1ut 192[]. — \Ifo<190$t 1)] (B].3)
Finally, we note additionally that for each ¢ > 0, there exists a C' < oo such that

Eii|m > < 03H°C [193+5Et—1|ut|2+6 + NP (Pozs—1) ooy 1{ouy < —ozs—1}]
< IFHC [ Elua [ + N0 (Foay—1)[L — @ (Pozi-1)]] (B.14)

which is bounded by a constant, since in particular
NP1 = (2)] = p(2)A(2) = 0

as z — 400, by Lemma A 4.
Deduce from (B.13) and (B.14) (with § = 2) that the martingale

T
My = Z 2z (my — Dquy)

t=1

has conditional variance

2 T
§ E¢ out) Rt—1,T%-1,T

T

<05 1= Yo(Wowr—1)]|ze-1 2]

t=1

T 1/2 T 1/2
<3 (Z[l - ‘1’0(19095151)]2) (ZHZtl,TH4> = 0p(1)

t=1

by Lemmas A.2(iii) and A.3(v). Hence My = 0,(1) by Corollary 3.1 in Hall and Heyde
(1980). O

Regarding the other component of Sr(0), we have from evaluating (B.7) at p = 0 that

Snr(0) =T (05" = Voud)1{yr > 0} + v M(—ovy) 1{y, = 0}]

t=1

—T1/2 Z 190Ut H{y: > 0} — 21 A (Vozi—1)1{y: = 0}].

Lemma B.4. Suppose A1-A4 and B hold. Then

T

Snr(0) =T (95" = Voui) + 0p(1) = Mur + 0p(1)

t=1
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Proof. We have

T T
Snr(0) = T2 3" (05 = dou?) = T2 3" 1y, = 0}[(95" — Vow?) + w1 A (Vo))
t=1 t=1
T

= T2 (05" = Youf) + Ar.

t=1

Since E; 1 (05" — You?) = 0, the first r.h.s. term is a martingale, and hence so too is Ar.
We have the bound

T
(Ar) <2771 S By 1{y = 0}[(05" — Woud)? + 2 N2 (Jo,1)].
t=1

To show the the r.h.s. is 0,(1) we first note that, similarly to the argument that yielded
(B.11) and (B.14) above, for any § > 0,

]Etfl]-{yt = 0}\%71’2%)\2%(?90%71) = ’xtfl\2+6}\2+6(190$t71)q)(—190%71)
= 195(2+6) ‘790357&71 ‘2”)\1%(190%71)@(190%71)
= 9, **Gs(owi1), (B.15)

where G is bounded, and Gs(z) — 0 as z — +o0, by Lemma A.4. Further, by Holder’s
inequality and Lemma A.3(iii), for any § > 0,

T
T Z H{y = 0} (95" — Doui)?
t=1

T 1 20146)\ VA0, p 5/(1+9)
< (305, - et Siw=0}) %o
0

t=1 t=1

1 2
(w—o - 190“?)

it follows that the preceding convergence also holds in L'. Hence by the above and
Lemma A.2(iii),

Since

<

T 2
_ 1

t=1

1+46 1+45

(Ar) < 0,(1) + 205" T " Go(Womi—1) = 0,(1).

t=1
Deduce that Ay = 0,(1) by Corollary 3.1 in Hall and Heyde (1980). O

In view of Lemmas B.3 and B.4, it remains to determine the (joint) limiting distri-

bution of the martingales M, and M, 7, whose definitions appear in the statements of
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those lemmas. Note

T—1/2 MaT
M1 =V} Z T 'y | ue= | Mcr
SRl INTS M;r

We first consider Mg . By Lemma A.1(ii), this has conditional variance
T
IaT Z Ay, Ayl B u? B ooy%Q,
t=1

where the convergence holds in probability since the limit is degenerate. Further, by that

same result,
T T
D Mz z ' Beafwl* < €Yzl = Op(T)
t=1 t=1

so that My 1 satisfies a conditional Lyapunov condition (and therefore also a conditional
Lindeberg condition). Hence by Corollary 3.1 in Hall and Heyde (1980),

Mgr 4 00_191/25(1), (B.16)

where 1y ~ N[0,I;]. Next, since My, is merely the (scaled) sum of ii.d. random

variables (with finite variances), and
E(J5" — dou?)? = ogB(1 — (05 'uy)?)? = 03(1 — 2 + 3) = 207,
since o, 'u; ~ N[0, 1], it also follows by the central limit theorem that
Mz 5 220060 (B.17)

for £y ~ NI0, 1].

Our next step is to establish that the marginal convergences (B.16) and (B.17) hold
jointly with the weak convergence of (M, r, M.r), to mutually independent limits. To
that end, we first observe that M, r = 92Ur(1), where Ur(7) == T* Zfi? u;. Now fix
{\i}, C [0,1] with A\; < 41, and consider the martingale

[ 1{)\1 < t/T < )\Q}Ut | [ UT<)\17 )\2)
T : :
Nr({A}) =172 Z {1 <t/T < Npbug| = [Ur(An-1,Am) |
= Ay,_qu Mg
(W5 — You;) i | Mz
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where Ur(A1, Ag) = Ur(Aa)—Ur(A;). Since each element of the above satisfies a conditional
Lindeberg condition, by Corollary 3.1 in Hall and Heyde (1980), and the Cramér—Wold
device, it suffices to show that all their conditional covariances converge in probability to

zero. We have

T
(Ur(Nie1, M), Myr) =T 1{A < /T < YAy, Beoan;
t=1
AT

= o Z Ay, 4

t= L)‘Z 1TJ+1

Sk (yLAiTJ Y1) = O, (T

by Theorem 3.2 in Bykhovskaya and Duffy (2024),

T
Ur(Nie1, Xi), M) = Z {1 <t/T < N}E1 (05" — douf Juy = 0,

t=1

and for i # 7,
Ur(nr ) Ur (-1, 4)) = 0.

It follows that N7 ({\;}) weakly converges to a normal random vector with variance matrix
dlag{o—g()\Q - )\1)7 s 70(%()\m - Am—l)a 0—397 20_8}

Deduce that (B.16) and (B.17) hold jointly with Up(-) N oW (+) (the latter, on DI0, 1], by
the functional central limit theorem), with £y, §) and W being mutually independent.
Finally, we note that by Theorem 3.2 in Bykhovskaya and Duffy (2024) and The-

orem 2.1 in Liang et al. (2016), the convergences
M,
7T — 198
MC,T
hold jointly with Y % Y and Uy % oqW (on D0, 1]). Since Y is a function only of W, it

follows that the preceding holds jointly with (B.16) and (B.17), to mutually independent
limits. [l

:O'al

Ur(1) d 9 aoW (1)
[ ] oe

Tt Zthl Yp—1U¢

W(1) ]
Jo Y (r)dw(r)

B.2.2 Proof of part (ii)

We partition the Hessian as



and consider each of these components in turn.

Hprr. From (B.6), we have

Horr(p ZﬁQ [1{ye > 0} + N[Or(h) (21 pr = 0)]1{ye = O} 210201 1
T
= —07(h) Z Wy > 0}zi1020 1
t=1
T

— 192( )Z {y, = 03N [Wr(h )(zt 177 — v )]Zt—l,TZ;r—l,T

t=1

= M 1(p) + Revr(p), (B.18)

where ’HQT’T(p) depends on p only through h. Further,

T T T

d
> Uy >0zl r =Y aarlir— Y H{g =0z 10210 = Qzz

t=1 t=1 t=1
by Lemma A.3(i) and the fact that, by the Cauchy—Schwarz (CS) inequality,

T 2

Z H{y, = O}Zt—l,TZ;r—LT

t=1

< Z 1{y, = 0} ZHZt—LTH4 = 0p(T) - Op(T™) = 0,(1)

by parts (iii) and (v) of Lemma A.3. Since ¥2.(h) = 92 uniformly on compacta, it therefore
follows that H, (p) % 92Q 7, on LUo(RF2),
Regarding the second r.h.s. term in (B.18), we note by Lemma A.4 | X ()| is bounded,

so there exists a C < oo such that

T

IR ()|l < COZ(R) Y~ 1{ye = O}|lze-1.7 1

t=1

The sum on the r.h.s. is 0,(1), since parts (iii) and (v) of Lemma A.3, and the CS
inequality, yield

(Z Wy = O}HZt—l,THZ) <D Uy =01 [zl = op(1). (B.19)

t=1

Deduce that R,..7(p) = 0 uniformly on compacta, whence H,.,.7(p) 4 92Q 77 on LUe¢(RF2),
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Hpp,r- From (B.8), we have

T
Hpnr(p) = —T7* h) +u?) + T~ Z h) 4+ u)1{y; = 0}

T
+7 Z [2 Zz— 1TT Uy — (Z;F—LTT)Q]l{yt > 0}
=1

ST g = PN () — o)Ly = 0)

t=1

HhhT( )+th,T(p)+th,T( )+thT( ),

where, by the law of large numbers (LLN),

Hhh 7(p) = _79%2(]1) -7 Zuf = _20(2)

on L'(RF2). Regarding the Rlﬁh,T terms, we first note that by the CS inequality and
Lemma A.3(iii)

T /2 ,p 1/2
R (P)| < 97%( Z ye =0} + 177 (Zl{yt20}> (Zug) 20

t=1 t=1

uniformly on compacta. Moreover, by parts (i) and (iv) of Lemma A.3,

T

T Z 21, 7up1{y; > 0}

t=1

= 2[[rlop(T~2) + [Ir|P0p(T7) 5 0

T
+rPT Y Nzl

t=1

[Rinr(p)] < 2|7

uniformly on compacta. Finally, by Lemma A.4 there exists a C' < oo such that

T
R r(0)] < CTS" 1y, = 03 (I IPl2err]® + |oef?)
t=1

T

T
= CIrPT™ Y Hye = O llzearl® + 771 1{ye = O}forf?

t=1 t=1

That both of the sums on the r.h.s. are o0,(1) then follows from (B.19) above, and
Lemma A.3(vi). Deduce that R}, ;(p) % 0 uniformly on compacta. It follows that
Hinr(p) B —20% on LU (RF2),
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H,nr. We have from (B.9) above that

Hrh,T(p) = ﬁ;l(h)T_l/zsr,T(p)

T

+ Op(h)T~/? Z H{y > 0}zroy (uy — Z;ELTT)

t=1
T

— DT 3" 1 = 0}z r (g = NPl = 1)

t=1

T2 (0)Srr (p) + ()R (p) + D1 (AR ()
It follows from parts (i) and (iv) of Lemma A.3 that
T

T71/2 Z ]-{yt > O}thl,Tut

t=1

T
+ P72 Yl 0

t=1

‘vaﬂT(p” <

uniformly on compacta. Moreover, by Lemma A.4 there exists a C' < oo such that

T

R r ()l < CT72 Y 1y = 0|zl (Il ze-vrll + [oe])

t=1
T T

7Y =l + ) Ly = O}HZtTLTH\Ut!]
t=1 t=1

That each of the sums on the r.h.s. is 0,(T"/2) follows from parts (i) and (vi) of Lemma A.3,

noting in particular that

12 , 7 1/2
Z Hye = 0}l lyplllve] < <Z||Zt 1TH2> (Z Hy = 0}!vt|2) = 0,(T"?)
- = (B.20)
by the CS inequality. Deduce that Rf}T(p) 2 0 uniformly on compacta. Finally, we have
from (B.5) that

Mﬂ

S.r z—1,7( Zz—fl,TT)l{yt > 0}

t=1

—d7(h Zzt L7 A[Or(h zt 1Tr—vt)]1{yt = 0}.

It follows from Lemma A.4 that there exists a C' < oo such that

MOr(h) (21 7 = v)] < CIL+ Oz (R)([Ir[[l|z-1.7l + ve])]-
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Hence

T T
[Srr ()] < 07(h) | Y ze-arusl{ye > O} + |7 197(h) Y _llze-a.rll?
t=1 t=1

T

T
+ Cr(h) [Z H{y = 0} ze—vr |l + O (W) Ir] Y llze-1ll?
t=1

t=1

+9r(h) Y Uy = 0}||Zt—1,T|||vt|] :

t=1

That each of the sums on the r.h.s. are o,(T'?) follows from parts (i) and (vi) of
Lemma A.3, (B.20) above, and the fact that

T

T /2 , 7 1/2
> Uy = 0}lzerr]l < (Z Wy = 0}> (lezt—mll2> = 0,(T"/?)

t=1 t=1

by the CS inequality. Deduce that T-'/2S,(p) % 0 uniformly on compacta. Hence

H,nr(p) 2 0 uniformly on compacta.

Joint convergence of S;(0) and Hy(p). It follows from the preceding that Hr(p) 4 9
on L"(R*2). In view of Lemma A.3(i), this convergence holds jointly with Up —

oW, with H being o(W)-measurable. We have Shown in the proof of part (i) that the
convergence Sy(0) % S also holds jointly with Ur A ooW, with each element of S either
being o(W)-measurable, or independent of W. Deduce that Sr(0) % S jointly with
Hr(p) % 7, as claimed. O

B.3 Proof of Proposition B.2

Givenr € R¥! h € Rand T € N, define 7 € R¥*! to be such that r = 9! (h)7. Similarly,
to Olsen (1978), setting pr(7, h) == (97" (h)7T,h)T, we have

Or(7, ) == Lp[pr(7, h)]
T
= Nr[log 97(h) — L log 2] — Z h)zl 77)*1{y, > 0}
t=1
T
+ 3 1{ye = 0} log{1 — ®[Wr(h) (7' (h)z, 17 — v,)]}
t=1
T
= Nr[log(¥y + T’l/Zh) — %log 27| — %Z (Fouy + W%, — thfLTf)21{yt >0}
t=1

+ Z 1{y, = 0} log{1 — ®[(2, 77 — hT ™20, — Dguvy)]}.
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The penultimate line in the preceding display is clearly concave in (7, k), while the con-
cavity of the final line follows from log-concavity of the normal distribution (e.g., Bagnoli
and Bergstrom, 2005). Hence (7 is concave.

It follows from (B.4) that for every (7, h) € R*2 and T sufficiently large, there exists
a A € [0, 1] such that

Or(F, h) — €7(0,0) = Lr[pr(F, h)] — €2(0)
= 8r(0) pr(7, h) + $pr (7, h) " He (0)pr (7, h)
+ pT(’I:, h)TRT [/\pT<7Z, h)]pT(f, h)

Since for each (7, h) € RF+2,

S R M

and Ry (p) 2 0 uniformly on compacta, it follows that

Ur(p) — €r(0) % ST(Mp) + L(Mp)TH(Mp)

in the sense of finite-dimensional convergence. Since both the left and right hand sides of
the preceding display are concave, the Lh.s. is maximised at (07 (hy)?r, hy) and the r.h.s.
almost surely has an unique maximum at p* := —M 'H 1S, it follows by Lemma A in
Knight (1989) that

O (hy)fr

T

MYy = [ Fop(1) S 5 = —M LS. O

C Censored least absolute deviations
C.1 Proof of Theorem 3.2

The CLAD estimators pt := (a5, 3%, @%) are minimisers of

T
St(p) = Sr(a, B,0) = |y — [+ Byr-1 + " Ay, ]| (C.1)
t=1

over II. To economise on notation, in this section we shall generally write &4 as merely
dr, ete. Our first result establishes that G concentrates in a O,(T~1/2) neighbourhood

of Bry; its proof appears in Appendix C.2 below.

Proposition C.1. Suppose A1-Ad4 and C hold. Then T'*(Br — Bro) = Op(1).
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In view of the preceding, it will be convenient to work with the following reparamet-

risation of the model

a — Qapg o — arpo
w = 0 = |T"2(8 — Pro)
¢ — g ¢ — o

Since Proposition C.1 implies that for any ¢ > 0 we may choose M < oo such that
lim infr_e P{|o7| < M} > 1 — ¢/2, we shall henceforth treat the parameter space II for
w as though it were compact. (Recall that the parameter spaces for o and ¢ are compact

under Assumption C.) Similarly to Appendix B, we define the local parameters

a T2 0 0 a—arg o — argo
r=lc|l=10 T 0 B—PBro| =T § =T,
i 0 0 TY?] | ¢p—ey ¢ — @,

and denote the systematic part of the r.h.s. of the model (2.1), evaluated at the true

parameters, as

Ti_1 = arg + Broyi—1 + ¢oTAyt_1- (C.2)

We may then rewrite the part of the CLAD criterion function (C.1) that depends on

p=(a,B,¢")7T in terms of the local parameters w or 7 as
T _ T _ T
a+pPya+o Ay, =v 0+ Ziap =20+ 7 2T,

where, recalling (A.3) above,

T71/2 1
zor=| T'ypr |, Zy = |T V2 o | =T 1.
T_1/2Ayt—1 Ay,

To establish the rate of convergence and thence the limiting distribution of the CLAD
estimator, we will need to consider (appropriately scaled) counterparts of the CLAD
criterion in terms of both w and r, defined here (making a slight abuse of notation in

reusing St) as

1 T T

Sr(w) = T Z!yt —lr+ @ Zrlsl,  Se(r) = Z|yt = [ + Tz

t=1 t=1

The first of these will be used to establish the rate of convergence, while the second will
help us to derive the limiting distribution. Because {y;} is nonstationary, the appropriate

centring for each of these functions is given not by their unconditional expectations, but

35



instead by
1T
Sr(w) = T ZEt—1|yt — [z + @' Zio1 74 ]
t=1

T
ST(T) = ZEtflhlt - [It—l + TTthl,T]+|-
t=1

Define the associated recentred criterion functions

Ur(w) = Sr(w) — Sp(w), Ur(r) = S¢(r) — S¢(r),

and let {e;} denote the (bounded) martingale difference sequence defined by

er = sgn([Te1 + ug)y — [2e1]y) — Bersgn([oe + wiy — [21]4).

Our main results on the asymptotics of these functions are the following.
Proposition C.2. Suppose A1-A4 and C hold.

(i) For everye,d > 0, there exists an n > 0 such that

lim ianP’{ inf [Sr(w) — S7(0)] > 77} >1—e

T—o0 =
(ii) For every e > 0, there exist §,n > 0 such that

hTmianP{ST(w) — S7r(0) > nl|lw|)?, V@l <6} >1—e

(iii) Uniformly on compact subsets of R¥1 for Q45 defined in Lemma A.3(i),

Sr(r) = Sr(0) % £,(0)rTQzzr.

.

Proposition C.3. Suppose A1-A4 and C hold. Define Zyr =3 \_,||2s7

(i) For every e > 0, there ezist Ce, K. < 0o such that P{Zp_1 7 > K.} <€, and

Ceo
P{ sup T"?|Up(@) — Ur(0)| > K, Zp_ip < Ks} <

wll<s k
for all 6,k > 0, for all T sufficiently large.

(ii) {Ugp(r)} is stochastically equicontinuous on R¥*.
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(iii) For each r = (a,c, f7)T € RF+1,

where .
C= W) [y dive) ¢

for (coW, W) a bivariate Brownian motion with covariance matriz

E|ut| 1

9

. [aggm)
W(1)

and £ ~ N10,Q] independent of (W, w).
We may now finally proceed with the proof.

Proof of Theorem 3.2. We want to derive the limiting distribution of
DT,T(,@T - ,OT,O) = T1/2@T = rp.

By definition, 77 minimises

ST<T) — ST(O) = [ST(T‘) - ST(O)] + [UT(’I") - UT(O)] i) fu<O)T’TQZ2T — T’TC (06)

where the convergence holds on L"¢(R¥+1) by Propositions C.2(iii), C.3(ii) and C.3(iii).
The r.h.s. defines a continuous function of r, which since ()77 is a.s. positive definite (by
Lemma A.3(i)) also has a unique minimum a.s. Therefore, once we have shown below
that

rr = O,(1) (C.7)

it will follow by the argmax continuous mapping theorem (Theorem 3.2.2 in Van der
Vaart and Wellner, 1996) that 77 converges in distribution to the minimiser of the r.h.s.
of (C.6), i.e

2fu( )QZZC

It remains to show (C.7): equivalently, that T2 = O,(1). Although we cannot ap-
ply their result directly, the argument used here closely follows the proof of Theorem 3.2.5
in Van der Vaart and Wellner (1996). Let € > 0, and note that, for Zy_; 1 as appears in
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Proposition C.3(i), we may choose K such that for every L > 0,

P{T1/2H@TH > L} < P{T1/2||@T|l > L, ZT—I,T < K} + P{ZT—LT > K}
<P{T'?||&r|| > L, Zp1r < K} +e¢ (C.8)

for all T sufficiently large. Further, by defining the ‘shells’
M ={wecl|2 <T?w| <2}
for j € N, we obtain for any M € N and v > 0 that

P{T"?||&op| > 2™, Zr_1r < K}

<P| U {&relr Zrar <K} | +P{lér] >, Zrar <K} (C9)
j=M
2]§T1/2,Y

We will now show that the r.h.s. can be made arbitrarily small, for all 7" sufficiently large,
by choice of M.

Regarding the final r.h.s. probability in (C.9), we note that if ||co7|| > 7, then we must
have the first inequality in

0 Z inf [ST(?IJ) — ST(O)] > inf [S'T(w) — gT(O)] + inf [UT(LTJ) - UT<O)]

[ l= =iz ==y

where the second inequality follows from the decomposition Sy = Sy + Up. This further

implies the first inequality in

inf [Sr(w) — Sr(0)] < — inf [Up(w) — Ur(0)] < sup|Ur(w) — Ur(0)]

||| >y ll=||>y well
whence

P{||&r| > v, Zroar < K}

<P {sup|UT(w) — Ur(0)] > inf [Sp(w) — Sr(0)], Zr_11 < K} :

well [l l|>~

In view of Proposition C.2(i), we may choose n > 0 such that

P {;?;[ST@) — 57(0)] > n} >1—¢/2
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for all T sufficiently large. Thus

P{llwr(| > v, Zrar < K} <P {Sup|UT(w) —Ur(0)| >0, Zp_ax < K}

well

+IP>{| inf [Sr(w) — Sr(0)] < n}

||| >y

<P {sup|UT<w> CUNO)| 2 0. Zpar < K} o2
well

for all T' sufficiently large. Finally, taking x = 7"/?5 in Proposition C.3(i), and § suffi-

ciently large that the d-ball centred at zero contains the whole of II, we obtain that for

some C' depending only on e,

Cé
P {sup|Ur(w) — Ur(0)| > n, Zr_, SK}<——>0
{wen| (@) — Up(0)] >, Zrvz o

as T — oo. Deduce that

limsup P{||ewr|| > v, Zr-1r < K} <e. (C.10)

T—o0

We next consider the events in the union on the r.h.s. of (C.9). Observe that the largest

LT is bounded by 2vy. Without
disturbing the conclusion of (C.10), which holds for arbitrary v > 0, we may take ~y

value that |@|| can take if @ lies in (g e/

sufficiently small that Proposition C.2(ii) applies for § = 2 and the € > 0 given above;

i.e. there exists an n > 0 (in general, different from that given previously) such that for

the event
Ap = {Sr(w) — Sr(0) > nll=|?, V]| <27} (C.11)
we have
liminf P(A7) > 1 —e. (C.12)
T—o0

This ensures that Sz(w) — S7(0) is minorised, with high probability, by n||w||? simultan-
eously on each of the IZILT appearing on the r.h.s. of (C.9). We can accordingly bound

P U {or €z, Zr1r < K}
j>M
2j§T1/2’Y

< Z P ({’@T S ]-:[j,Tu ZT—l,T < K} N AT) + ]P(A%) (C].?))
j>M
29 <T1/ 2

such that the final term is eventually bounded by ¢, while the minorisation of Sy (ww) —

S7(0) holds for each of the events entering the sum.
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Now wr € f[jj implies the first inequality in

‘LUEH]',T WEH]',T WEHLT
whence, in view of Il;7 = {ww € I1 | 2/ < T/?||ew|| < 2741}

inf [Sr(w)—Sr(0)] < sup  |Ur(w) - Ur(0)].

well; ||| <T—1/225+1
Hence, in view of (C.11), and the fact that ||z is bounded below by T—1/227 for w € I, 1,

P ({&r € Wir, Zr_1qx < K}NAp)

||| <T—1/225+1 w€lljr

S P <{ sup |UT(W> — UT(O>| Z le [ST(W) - ST(())], ZT—l,T S K} N AT>

S IP sup |UT(’W) — UT(0)| Z UT_122j7 ZT—I,T S K
||| <T—1/224+1

for all j > M such that 2/ < T2+, for all T sufficiently large. Finally, we have by

Proposition C.3(i) with x = nT~1/22% and § = T~/227*! that for C' depending only on e,

) 2 )
P{ sup  |Up(w) — Ur(0)| > 0T 2%, Zy 11 < K} < —02_3 (C.14)

[l <T—1/225+1 N

for all j > M such that 27 < T'/2~, for all T sufficiently large. That is, the preceding
bound applies simultaneously to every summand on the r.h.s. of (C.13), for T" sufficiently
large.

Thus it follows that, for all T" sufficiently large,

P{T"?||cor|| > 2"} <y P{T"?|lcor|| > 2M, Zr1p < K} +e
<@© Z P ({eor € Wjr, Zr_10 < K} N Ar) + P(AF)

j>M
20 <T1/2

+P{||r|| >, Zro1p < K} +e
2C . 4C
§(3) Z —27 + 3€ S 2_M— + 3€
j=M n
2]§T1/2,Y

where <(1y holds by (C.8) with L = 2, <5 by (C.9) and (C.13), and <3, by (C.10),
(C.12) and (C.14). Since C' depends on € but not M, the r.h.s. can be made arbitrarily
small by suitable choice of € > 0 and then M € N. Thus T2 = O,(1). O
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C.2 Proofs of Propositions C.1-C.3
C.2.1 Preliminaries

For future use, we note the following identity (see also Herce, 1996, p. 150):

|A— B|—|A| = —sgn(A)B + 1{A = 0}|B|
+2(B-A)I{B>A>0}—-1{B<A<0}. (C.15)

In proving Propositions C.2 and C.3, we will make repeated use of the following, the proof

of which appears immediately below.

Lemma C.4. Suppose A1-A4 and C hold. Let w;_q be F;_1-measurable, and define
by (wir) = w1 +wea]y — [Ta]y
b
Ga) = [ [F0) = Fufa)]du.
with the convention that fabv(x) dz = — ["v(z)dz when b < a. Then

Et—l{’yt - [%-1 + wt—1]+| - |yt - [ﬂft—l]+‘}
Z/_ {lu = b1 (wi-1)| = |ul} fulu = [z1-1]-) du (C.16)

=20y ) Fal 1)) — Ful0)] + 26 lr(wi-1) — 1)~ ]} (C17)
Moreover, there exists a C < 0o such that
ren) [Ful—lr]) — Ea(O)]] < Clua1{zes < 0} (C.18)

and

Gl 1(r1) — [res) —[e1)} = Su(—loea] DB (we)| < Cluaf'. (C19)
Proof. Letting (1), denote the Lh.s. of (C.16), we have

et = [ lmeer-t ul = o vl =l + e = free o) do
= [ At o e o= ) du

+ /_rtl{[xt_1 + wi—aly = [wea] 4 Hfu(u) du

o0

= (IT)4—1 + (III);—
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where
(I, = / (o +u— (2 + werle] — e + 1 — (o] ]} fulr) du

_ /_ t_l{!xm +u— (21 + w4 | = |z +u — (] 4|} fu(u) du

[e.9]

= (IV)_y + (V)1

Since x;—1 +u < 0 for all w in the range of integration in (V),_;, we have

(V)i1 = — /_xH{([%l T W]t = (@1 +u) = ([Le-a]s — (@1 +u)}fulu) du

[e.9]

_ / T e wily — ]y o) du

o0

= —(IT),_.
Deduce
D1t = (V)i + (V)eos + (D)
— [ st s ] = o o) o) du
= [t el = Qo vl = o)l = o)) du

= [l st = b ute = o)) du (20

as per (C.16), where the final equality follows by a change of variables.
To prove (C.17), we first apply the identity (C.15) with A = u and B = ¢;_1(w;_1) to
the term inside the braces in the preceding display. Since u = 0 has Lebesgue measure

zero, this yields

(D1 =— /oo sgn(u)ly—1 (wi—1) fu(u — [24-1]-) du

[e.9]

22 [ty -l

[e.9]

{1 (wiq) > u > 0} — 1{l—y(wi—1) < u < O} fulu — [x1-1]-) du
= (VI)i_1 + 2(VID);_1.

For (VI);_1, we have
(VDir = () [ / =Tl = [ f— e ) du
() 2P Tria] ) — 1) = 26w ) {Ful(— 1)) — Fu(0)}
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since F,(0) = % by Assumption C; this gives the first r.h.s. term in (C.17). Regarding
(VII);_1, following the convention that fabv(x) dz = — [' v(z) dz when b < a, and then

making a change of variables,

L1 (wi—1)
<vmpf=ua4w%a>054 s (1) — ) ful — 1)) du

0

— H{l1(w—1) < 0} [le-1(wi—r) — ul fulu — [24-1]-) du

L1 (wi—1)

Li—1(wi—1)
:A [ (wir) = ] fulu — [2,-1]-) du

Li—1(we—1)—[re—1]—
-/ (1) — o] — ulfu(u) du.

7[$t71]_

To put this into the required form, note that by integration by parts

b b
/ (b —u)fu(u)du = / [Fu(u) — Fy(a)] du = G(b,a).

Hence
2(VI) i1 = 2G {1 (wi—1) — [w-a] -, —[T1-1] - }

corresponds to the second r.h.s. term in (C.17).
It remains to prove (C.18) and (C.19). Regarding (C.18), observe that

b (e ) {Fu (=[] o) = Fu(0)} = {lzea +wialy = [zaly HEu(=[20]-) = Fu(0)}

is zero if x;_; > 0, or if both x;_1 < 0 and z;_; +w; < 0. Suppose therefore that z;_; < 0

and z;_1 + w; > 0, in which case the preceding is equal to

(@e—1 + wet {Fu(—2e-1) — Fu(0)} = (2-1 + w—1) ful—Te-1) (—2e-1),

where the equality holds by the mean value theorem, for some %, ; € [x;_1,0]. From
wy > —xy—q > 0, it follows that |z;_1| < |wg|. Since f, is bounded by Assumption ¢, it
follows that the preceding is bounded by Clw;_;|?, for some C' < co. Hence

‘gtfl(wtfl){Fu<_[xtfl]f) - Fu<0)}‘ < C|wt71’21{xt71 <0, v +we > 0}
S C|wt,1]21{xt,1 < O}

Regarding (C.19), observe that a Taylor expansion of b — G(b,a) around b = a yields

G(b,a) = 5fu(a)(b—a)* + 5 £(b)(b — )

where b lies between a and b; and since f! is bounded by Assumption C, there exists a
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C' < oo such that
|G(b,a) — L fu(a)(b—a)’| < C(b—a)’.

Thus (C.19) follows by taking b = ¢;_1(wi—1) — [x4-1]-, a = —[x4—1]- and noting that
101 (wy—1)] < wi_q]. []
C.2.2 Proof of Proposition C.1

Define
ze1(p) = a+ Byt + @' Ay,

so that z;_1(pro) = x:—1, where the latter is as in (C.2), and
wy =y — [21(pro)l+ = [Le-1(pro) + wls — [2-1(pr0)l+
so that
v — (w1 (p)]+ = (g — [2-1(pr0)]+) — ([2-1(0)]+ — [we-1(p10)]4)

=w — ([x1-1(p)]+ — [Te=1(p10)]+)
= wy — hy—1(p, pro)-

Then we can write the recentred and rescaled CLAD criterion function as

Qr(p) =T~ '[Sr(p) = Sr(po)] = T7* Y _llwy = he—s(p, pro)| = luwi]. (C.21)

t=1

Henceforth set h;—1(p) == hi—1(p, pro), for a more compact notation.
Since z + [x], is Lipschitz continuous (with Lipschitz constant equal to unity), |w,| <

|ug|. Hence it is always the case that

jwe = hu—1(p)] — |we| 2 0 = we] = —u,
while if |h;—1(p)| > 3|u| > 3|wy|, then

we = hu—1(p)] — |we] > 2Ju| — Jwe| = fu.
Therefore for each summand in (C.21),

lwe = hy—1(p)| = [we| = (Jwr — he—1(p)] — |we ) 1{|Pe—1(p)| > 3[ue|}
+ (lwr = 1 (p)| = |we ) {|he—1(p)] < 3w}
> |ue|H{[he1(p)| > 3luel } — | 1{[he—1(p)] < 3luel}
= [ue| = 2|ue|1{[he—1(p)| < 3|uel}-
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Hence we have the lower bound

T T
Qr(p) = T71Y Juel =277 Y Jue|1{|he-1(p)] < 3Juel}
t=1 t=1

T T 1/2 T 1/2
T e 2 (T—l Zuf) (1 =17 b (p)] > 3|ut|}>
t=1 t=1 t=1
T T 1/2
=T ul =2 (T‘l Zu3> (1= Kn(p))"?
t=1 t=1
which depends on p only through Kr(p).
We shall show below that for every non-negative kK — oo,
sup |Kr(p) —1] 5 0. (C.22)

{p€ll | |B—Br,0|>T~/2kr}

It then follows by the LLN that

P{ o, Qe = dEllp > L

{p€ll||B—Bo|>T~1/2kr}

Since Qr(pro) = 0, it follows in particular that

P{|Br — Bro| > kT 7} < P{ inf Qr(p) < 0} — 0.

{pell | |B—PBo|>T—/2k7}

Deduce that TV2(6r — Bro) = o0,(kr) for every sequence ki — oo, whence TV2(3r —

Bro) = Op(1).
It remains to prove (C.22). We first note that since the parameter space II is compact,
there exists a C' such that

(@ — ao) + (¢ — ¢o) " Ay, | < C(1+ [|Ay, ).

Hence we have the following lower bound,

|hi—1(p)| = [[ze-1(p)]+ — [2e-1(pT0)]+]
> |xi—1(p) — m—1(pro) [ H{zi-1(p) > 0}1{zs—1(pr0) > 0}
= [(8 = Bro)yi + (a —ag) + (¢ — ¢o) T Ay, [1{z;-1(p) > 0}1{x;1(pr) > 0}
> (|8 = Brolye-1 — C(1 + || Ay, )] 1{zi-1(pr0) > 0}
By — C(1+ [[Ay,_4 ) > 0},
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since y;_1 > 0, and so

H{|he-1(p)| > 3lwe|} = 1{|B = Brolye— — C(L + [[Ay,_y||) > 3|}
By — C(1+ [[Ay, 4 []) > 0}1{zi—1(po) > 0}

Observe that the r.h.s. is increasing in |3 — fro| and 5. Suppose that 5 > 1 + T2k,
Then for all such p = (a, 8, @),

T

Kr(p) 2T7' ) YT Py — w7 CL+ | Ay, ]]) = 3w7 | > 0}
t=1

U{BroT ™ Pyes = TPCA+ || Ay, ) > 03T 2201 (po) > 0}
>T" ZQM Pys = ' OO+ Ay, yl]) = 3k7" ]

< gu[BroT ™2y = T7200 + (| Ay D]gm [T -1(po)]

where gy is a Lipschitz function such that 1{x > 0} > gy(z) > 1{z > M}. Similarly, if
B e [%5T,o, Bro — T~Y%k7], we have the lower bound

T
p) > TS gulT ™y — k' C(L+ Ay, l) — 3rp ]

m[3B8r0T Py = T2+ || Ay, [D)gn [T 2201 (po)]

Finally, suppose < %ﬂﬂo: we need a slightly different lower bound for |h;_1(p)| in
this case. We first note that if a > 0 and b < 2a, then |[a]; — [b]1| > }a. Hence

|he-1(p)| = |[ze-1(p10)]+ — [Te-1(P)]4]
ve-1(pro) Hwe-1(pro) > 0}1{zi1(p) < Ji1(pro)}
[aro + Broye-1 + ¢o Ay, 1] 1{z:-1(pr) > 0}
{( Bro — B)y—1 + ( arp — o) + (%Qbo - ¢)TAyt_1 >0}
HBroye-1 + arg + ¢ Ay,_4]1{zi1(pr) > 0}
1{36r0pi-1 — CL (1 + || Ay, ) > 0}.

V

1
=4
1
4

v

where the final inequality holds since 3,1 > 0, and %ﬁT,O - B> iﬂT,o- Therefore,

1{|hi—1(p)| > 3lus|} > 1{BroT yey + TV Parg + ¢y T Ay, — 12772|uy| > 0}
{1807 Py — T2 (1 + || Ay, ) > 031{T 22,1 (pro) > 0},
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whence

T
Kr(p) > T ZQM[BOT_W%—1 + T Pag+ g T2 Ay, — 12T |uy]

t=1

~gu[3 80T yy = T2C (1 + (| Ay D] gar [T 2201 (pro)]
= LY (). (C.25)

It follows from (C.23)—(C.25) that
1> Kr(p) > min{ LY (M)},

for all p € IT such that |8 — 87,9 > T~Y2kr. Hence it remains to show that Lg,f)(M) 51
for each ¢ € {1,2,3}. We give the proof only when ¢ = 1; the proof in the other cases
is analogous. To that end, we note that by the continuous mapping theorem (CMT),
Lemma A.1(i), and Theorem 3.2 in Bykhovskaya and Duffy (2024), the finite-dimensional

distributions of the process

&r(7) = gu[TPypery 1 — K7 COU+ | AY ry 1) — 367 ey |
g BroT ™ Pylr)o1 = T72C(1 + HA?JLTTJ_1”)]QM[T*U%LTTJ—I(PO)]a

for 7 € [0, 1], converge weakly to those of

&(r) = gulY (7)),

since fro — 1. (This cannot be strengthened to weak convergence in D]0, 1], since we may
have k7 — oo arbitrarily slowly.) Since g is bounded by unity, sup, ¢ E[§7(7)] < 1.
Finally, since g, is Lipschitz and bounded by unity, there exists a constant C'y; depending
only on M such that

sup E|ép(7") — (7))

[ —rl<e

< Cy| sup Emin{|TY2yjr)-1 — T2y ), 1}

|7/ —7|<e

-1 —1/2 -1
+max{rz’, T77"} max E|Ay,|| + 67" max Elu|| — 0

as T — oo and then € — 0, by Lemma A.1(i) and since T2y ,7/is tight in D[0,1] by
Theorem 3.2 in Bykhovskaya and Duffy (2024). It follows by Theorem IX.7.1 in Gikhman

47



and Skorokhod (1969) that

_/OlgT(T)dT$/Olg(T)drz/ll{Y(r)>M}d7$1

0

as T'— oo and then M — 0, by Lemma A.2(i). O

C.2.3 Proof of Proposition C.2
(i). Defining

) = [ " {Ju— b — Jul} fulu — a) du

we have by Lemma C.4, in particular by (C.16), that
1 T
Sr(w) = 57(0) = > vl (wia), [24])-)
1 1¢
:sz(gt 1U)t 1 ZU gt 1wt 1 )1{$t71<0}
TS

+ = ! ZV (-1 (wi-1), [w4-1]-)1{z—1 < O}
— () — ()7 + (IID); (C.26)

with w; 1 = @' Z;_; 7. Since |v(b,a)| < |b| and |€;_1(w_1)| < |wy_1], it follows that for
all w e I,

T T
1 1
(7| < Y o1 (@" Zioa )1 < 0} < T ) " 21 p {1 < 0}
t=1 t=1

T
1
<0 Crp > N2zl 1{z 1 <0}
t=1

LT 1/2 T 1/2
<@C (T ZHZH,THQ) (:7 > Y < 0}> =) op(1), (C.27)
t=1

t=1

where <(;) follows by the compactness of 11, <(2) by the Cauchy-Schwarz inequality, and
=(3) by Lemmas A.2(ii) and A.3(i). An 1dentlcal argument shows that (III)r = o,(1).

To handle (I)r, we need to consider the map b +— v(b,0) =: v(b), which is minimised
at b = med(u;) = 0 by Assumption C. Since b — |u — b| is differentiable at all b € R\{u},

with bounded derivatives, the function b +— v(b) has first derivative

[e.e]

V(b) = — / sgn(u — b) fu(w) du = P{u, < b} — P{uy > b}

—00
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so that /(b) is (weakly) increasing in b, with ¢/(b) > 0 when b > 0, and v/(b) < 0
when b < 0. Since f,(0) > 0 by Assumption €, these inequalities hold strictly for b in a

neighbourhood of zero, and so it follows that for any given 7 > 0,
v(b) = - 1{[b] = 7}

for all b € R, with +, := min{v(7),v(—7)} > 0. Hence
1 1 <&
Dr == > vt (@ Zii)] > Yo > Y@ Ziig] > 7} (C.28)

t=1 t=1

It remains to lower bound the sum on the r.h.s.

To that end, we note that by Holder’s inequality,

T
T Z w210 > 7 2o r |
=1

T 5u/(2464) T 2/(2+8u)
< (T_l > Y= Ziax| > T}> (T_l Z||Zt—1,T||2+5“>
t=1

t=1

where
T
&r =T [1Zan|
t=1

T T
<c (1 + TN Ty P T ZuAyt_lnM) = 0,(1)

t=1 t=1

by Lemma A.1(i) and Theorem 3.2 in Bykhovskaya and Duffy (2024). Further, for all
w e ll,

T T
Ty Y@ Zagl > HIZear P 2 771 Hlw Zoagl > 1o Zog Pl
t=1 t=1

= |||~
t=1 t=1

T T
@' (T—l > ZaxzZl LT) =T Y@ 21| < T}leZt_LT‘z]
> Ain(Qr) — |l@]| 7272,

where \p,in(A) denotes the smallest eigenvalue of the positive semi-definite matrix A, and

T T
- d
Qr=T"Y Zi1rZlir =) 21217 Qzz (C.29)
t=1

t=1

by Lemma A.3(i), where Q77 is positive definite. Hence for 6 > 0 as in the statement of
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part (i) the proposition,

T

1
inf —Y 1{|ow"Z 17| >
||11vn>6TtZ:1: {l@"2i10| 2 7}

T (246u)/0u
- (n inf > w2 > r}nzt_l,:rn?) &
- t=1

= (Amin(QT) - 5_272)(2+§“)/5“ 5;2/%

it follows that for € > 0 as in the statement of part (i) of the proposition, we may choose

k, T > 0 sufficiently small that

T
1
P! inf — o' Z_ | >
{uﬁ»wé {le “’Tl—T}>F”}
> P{ (huan (@r) =627 0 > o} > 1 — )2

for all T" sufficiently large. In view of (C.26), (C.27) and (C.28), it follows that

lim ianF’{ inf [Sr(w) — Sr(0)] > fﬂ%} >1—k¢,

T—o0 [|[||>6

whereupon the result follows by taking n = kv, > 0.

(ii). For suitable choices of w;_1, both Sr(ww)—S7(0) and Sy (r) —Sz(0) can be expressed

in terms of

D B {ly = e+ wiale] = g — [wealy ] (C.30)
=2 la(we)[Fu(=[ea]o) = Fu0)] +2) Gl (wia) = [z4] -, —[ze1]-}
=2(IV)r +2(V)r, (C.31)

where the first equality follows by Lemma C.4. That same result also entails that

(V)7 < CY Jwa [P1{zey < 0} (C.32)

t=1

and

T
Z I’t 1 ? 1 wt 1 <CZ|wt 1|3 (033)

We now use (C.31)—(C.33) to prove parts (ii) and (iii) of the proposition.
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Noting that Sr(w) — Sr(0) is equal to (C.30) times T, with wy_ = @' Z;_ 7, we
obtain from (C.31)—(C.33) that

| \/

St(w) — S7(0) Z —[zi1] )G (@' 21 r)

20 20 -
- ||w||27 ZIIZt—l,Tllzl{xt-l <0} — IIwII?’? > IZrl?

= (VD) — (VII)7 — (VIII)7. (C.34)

To determine the limit of (VI)7, note max,<i<p||Zi_1.7|| = O,(TY?+%)) by Lemma A.3(ii),
and so for k== 1/(2+ 6,/2) < 1/2 is bounded by T, w.p.a.1. Define

1y =Wy >T7, | Zioa0]| < T7} 15 ,=1-1,4
and observe that when 1,_; = 1, we must have x;_; > 0 and
T+ @ Zer 2w — @12 > T~ [|=]),
and so the preceding must be non-negative if ||ew|| < 1. Deduce that for all such w,

ful=[ra] )G (@ Zia )l = fu(=[ma] [z + @ 2]y =[] Pl
= fu(0){(z¢—1 + wTZt—l,T) - $t—1}21t—1
= fu(o)(wTthl,T)Qltfl-

Hence

(VD) = fu(0) (wTZt—l T) 7 Z fu(0 WTZt—l,T)21§71

N[ =
]~

t

=5 ﬁ(—[m]>631<sz“¢>1§1] = (X)r + (X,

1

Since f, is bounded, and
(@ Ziar) = [z + @ Zearly = e P < @lPIZer))? = [[olPTl 221

we may bound

T
(X)7] < Cllwll® Y _llze-1,rl*15,
t=1
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T /2 , 1/2
< Ollm? (znzt_mv) (z 1:_1) _ oo (1)
t=1 t=1

by the CS inequality, where the final equality holds by Lemma A.3(v), and

T T T
TN 15, < T YT VPuy <75V 4T || 2 gl > T
t=1 t=1

t=1
T
<o) T YT Vo, <vh+1 {1@t§><T||Zt_LT|| > T"} Ly 0 (C.35)

t=1

where <(1) holds for any fixed v > 0, for all T" sufficiently large, and &(2) holds as T' — oo
and then v — 0, by Lemma A.2(ii) and the noted stochastic order of max;<;<r||Z:—1 7.
Recalling the definition of Qr in (C.29) above, we thus have

(VD7 > (IX)r — [[[*0,(1) = fu(0)= " [Qr + 0,(1)]m (C.36)

Returning now to (C.34), we see that by the same argument that was applied to (X),
with Lemma A.2(ii) playing the role of (C.35), we obtain

(VID)7 = Cllw|*o,(1). (C.37)

Regarding (VIII)z, it follows from Lemma A.1(i) (since 2+ ¢, > 3 under Assumption ),
and Theorem 3.2 in Bykhovskaya and Duffy (2024), that

C T
|(VITD)z| = || Y2l = =)0, (1). (C.38)
t=1

It follows from (C.34), (C.36), (C.37) and (C.38) that there exist random sequences & 7 =
0p(1) and &7 = O,(1) such that

Sr(@) = 57(0) > fu(0)=' [Qr + Evrlw + Sorllw|
> fu(0)Puuin(Qr) + Er7]l@® + Eorl o

for all @ € II. Now let € > 0 be as in the statement of part (ii) of the proposition. Since
Qr K (Qzz, which is a.s. positive definite, we may choose 1 > 0 sufficiently small that

IP{fu“DP‘mm(QT) + §1,T] < 27]} < 6/2

for all T sufficiently large. Moreover, we may take 6 > 0 such that

P{llw@l*6r < —nll@l®, Vil <0} <P{lér| > o'} <€/2,
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for all T sufficiently large, and therefore

P{Sr(w) — Sr(0) > n|=|?, V|=| < d}
> P{fu(0)[Ain(Qr) + &ur)llw[* > 20| |]?, V||| < 6}
—P{[|@|Péer < —nllw|?, V|| <}
> P{fu(0) [ Auin(Q1) + &17] = 20} —P{|&ap| > o'} > 1—¢

for all T sufficiently large.

(iii). Noting in this case that Sz(r) — Sy(0) equals (C.30) with w; y = 7727, and
recalling that

(T zeam)| = w7z g — [mea]e] < Pl zar (C.39)

we obtain from (C.31)—(C.33) that for all r € RF1

T
[Se(r) = Sr(0)] = Y ful=lwia] ), (T 2m1.1) (C.40)
T . T
< C’Z|rth_17T|21{xt_1 <0} + C’Z|rth_17T|3
- - /2 , o - 1/2 T
< ClIr|? (;HZH,TW) <; Wz < 0}> + Clirll* max [l 1.7 ;Hztl,T”Q

= 0p(1)

uniformly on compact subsets of R¥*!, by the CS inequality, Theorem 3.2 of Bykhovskaya
and Duffy (2024) and Lemmas A.2(ii), A.3(i), A.3(ii) and A.3(v).
It remains to consider the Lh.s. of (C.40). Let

1 q(r) =1z 1 >0, 21 +7 217 >0}, 16, (r) =1 —1,_4(r). (C.41)
We note that

1, (r)=1{z; 1 <0} + 1{zy 1 > 03w,y +7 2 17 < 0}
=1{z; 1 <0} +1{r"2 17 < —x,, <0}
< 1oy < O} + Wzl < I 21101}
< U{xp < 0} + 1|z | <1} +1{1 < |IrT 27}

<2 -1z 1 <1} 41 {1 < ||r]| sup ”ZS_LTH} =217, +15(r), (C.42)
1<s<T
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where
T

Z 15, = 3 My <1} = 0,(T) (C.43)

t=1

and, since sup;,<p||zs—1.7(| = 0,(1), 15(r) = 0,(1) uniformly on compact subsets of R**.

Now decompose
qu (2] )6 (T 2z )
—qu G (rT 2z ) L +qu (2] )G (T 21 ) 15, ()

—qu (r"ze-17) qu (rTz1m)*15_ (r)

T

3 Ful e )8 T o)1 ()

t=1

= (XI)r + (XII)7 + (XIII) 7 (C.44)
where in obtaining the second equality, we have used the fact that

L )L (r) = {[re A 2] — (v P2 @ >0, 2 41 20 >0}
= (r"z_170)*14(r)

and similarly f,(—[zi—1]-)1:—1(r) = fu(0)1,_1 (7).
Regarding the final r.h.s. term in (C.44), in view of (C.39) and the boundedness of f,,

there exists a C < oo such that

T
(XID) | < ClIr|* Y llzerrlP{2- 15,y + 15(r)}

t=1
T 1/2 1/2 T
<0 I z(zuztmw) (zlm) L1500 S e
t=1 t=1
=(2) 0p(1) (C.45)

uniformly on compact subsets of R¥*! where <(1) holds by the CS inequality, and =) by
Lemmas A.3(i) and A.3(v), (C.43), and the noted asymptotic negligibility (on compacta)
of 15(r). An identical argument yields that (XII);r = 0,(1), uniformly on compact subsets
of R¥1. This leaves the first r.-h.s. term in (C.44), for which

XDz = fu(0 Z 2o > ful 0T Qzzr

t=1
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uniformly on compact subsets of R¥*!, by Lemma A.3(i), as required. n

C.2.4 Proof of Proposition C.3

Define
gt(wt—l) = |?Jt - [ift—l + wt—1]+| - |yt - [ﬂft—l]+|> (0-46)

for which
|ge(wi—1) — ge(We—1)| < w1 — Wi . (CA4T)

For suitable choices of w;_1, both Ur(w) — Ur(0) and Ur(r) — Uz (0) can be expressed in

terms of
T

Z[Qt(wt—l) — Ei1g4(wi—1)]-

t=1

Since Zr 17 = Y. |lze12]|? = Op(1) by Lemma A.3(i), for ¢ > 0 as given in the

statement of part (i) of the lemma, we may choose K. sufficiently large that

limsupP{Zr_ 17 > K.} <e.

T—o0

For each T" € N, define
¢r=inf{t e N| Zyr > K.}. (C.48)

Then for each t € N,
{sr >ty ={Zir < K.} € F,

and so ¢r is a stopping time with respect to {F;}. By construction

TAsT

Z ze17ll? = Zrngp1r = Wor > TYZp 17+ sr < TYZo 17 < K. (C.49)

s=1

(i). Define
1 t
Ur(w) = > s — [rer + @ Zaaz)i| = Baalys — [z + @ Za g4} (C.50)
s=1

so that Up(w) = Urr(w). Consider the martingale array {M; r(w), F;}1_; defined by

t

Z [gs (wTZsfl,T) - Esflgs (wTZsfl,T)] .

s=1

1

My r(w) =TV r(w) — Upr(0)] = T/
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Define the stopped process Nyr(w) = M, r(w), and the associated filtration G, =
Firneg, for t € {1,...,T}. Observe that since

ZTfl,T <K= g>T = NT7T(w) = MT’T(W), Vw € 1:[,

the event on the Lh.s. of (C.5) may be written as

{ sup |[Mrr(w)| > k, Zr_11r < Ke} = { sup |Nrr(w)| > K, Zr_17 < Ke}

l=]|<é []|<d

< { sup |Nrr(w)| > "f}-

=l<é

It remains to control the probability of the r.h.s.
By the stopping time lemma (in particular, the corollary to Theorem 9.3.4 in Chung,

2001), {N;7(w), G}, is a martingale array for every w € II, with increments

AN;r(w) = Nyr(@w) — Neyr(@) = Miper (@) — Mi—1yner,r (@)
= T_l/Q[gt(wTZt_LT) — ]Et_]_gt(wTZt_LT)]]_{gT > t — 1} (051)

In view of (C.47) and the F;_;-measurability of Z;_; 7, we have that the martingale sum

of squares of Nyr(w) — Nir(@), at t =T, satisfies

T

D (AN p(w) — AN, (@)

t=1
T

=7 Z{[gt(wTZt—l,T) ~ /(@ Zi17)]

t=1

—Eialg(@  Ziiar) — g(@" Zioa )] Pl {or >t — 1}
T

<A|w - =|*T" ZHZt—l,THQl{GT >t} = 4l|lw — @) * Zragp—1.1
t=1

< dllw - %K., (C.52)

where the final equality holds by (C.49).
Therefore by Burkholder’s inequality (Theorem 2.10 in Hall and Heyde, 1980), we
have for any w, @ € II and j € N that

E|Nrz(w) — Nrp(@)[¥ < CE|> [AN,7(&) — AN, (&)

t=1
<YCK!|w—&|¥
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whence
INrr(w) — Nrg(&) |2y < (4CMTK)V?||w — @ ||.

Now fix j € N such that 2j > k£ + 1. Observe that N;.r(0) = 0 by construction. By
Corollary 2.2.5 of Van der Vaart and Wellner (1996), we therefore have

E sup |Npr(w)| <
||| <6

sup |Nrr(w)|
||| <6

25
< Ké/ (26 Ju) B/ dy,
0

2j

1
=0- 2Ké/ u~ kD2 qy = 6
0

where K! and C. depend only on K. (with &k and j fixed), noting that the integral is
convergent since (k + 1)/2j < 1 by choice of j. Hence by Chebyshev’s inequality

< Esupjej<s| Nrr(w)| - Ced.

]P’{ sup |Nrr(w)| > /4;} <

[=l<s k R

(ii). The argument here is similar to that used to prove part (i). Analogously to (C.50),
define

t
Ut,T(r) = Z{’ys - ['Is—l + TTZS—LT]—Q—‘ - Es—l’ys - [:Us—l + TTZs—l,T]—Q—‘} (053)
s=1

so that Ur(r) = Urrp(r). Defined the stopped process Ny 7 (r) = Upe, (), so that

{N;7(r), G}, is a martingale array, for each r € R*"!. Define

Lir(r) =Ur(r) = Nyz(r) = Upr(r) — Ungp 7(7)

so that

]P’{ sup |Up(r) — Up(7)| > 26}

[r—7ll<é

<P {” SU.ﬁ) |NT7T(’I") — NT7T(’F)| > E} + P {” SU.ﬁ) ’LT7T(’F) — LT,T(f” > E} . (054)
r—7|| <o r—r|| <o

Thus it suffices to show that, for a suitable choice of 4 > 0, both r.h.s. probabilities can

eventually be bounded by e. Regarding the second of these, the definition of L, entails

that if g7 > T, then Ly r(r) = 0 for all r € R, Hence, recalling the choice of K, made

above,

]P){ sup |]LT’T(T') — LT7T(f>| > 6} S 1-— ]P){§T Z T} =1- ]P){ZT—I,T S Ke} < €,
|

|r—7[|<é

o7



where the final bound holds for all T" sufficiently large.
It remains to bound the first r.h.s. term in (C.54). Similarly to (C.51), we have that

the increments of N, r(r) are equal to

ANt,T(T) = Ut/\gT,T(T) - U(tfl)/\qT,T(T) = [Qt(TTZt—LT) - Et—lgt(TTZt—l,T)]1{§T >t — 1}

and so, similarly to (C.52),
T T
Y AN (r) = ANer ()] < 4llr = FIP Yz rlPHor > 8} < 4K |r — 7%,

t=1 t=1

Hence we have again by Burkholder’s inequality that
E|N77(r) — Negr (7)Y < 4CK!||r — 7|7

Taking j such that 2j > k + 1, it follows by Kolmogorov’s continuity criterion (Corol-
lary 16.9 in Kallenberg, 2001) that there exists a § > 0 such that

lim sup]P{ sup |Npr(r) — Npp(F)| > 6} < e.
|

T—o0 |r—7||<d
(iii). Fix an r € R¥L. Recalling (C.46) above, so that

gt(rTZH’T) = |ye — [we1 + TTZH,TM — |y = [21-1] 4]
= (g — [we-1]4) — (o1 + Tzt — [meoale)] = lye — [wee1)+]
and we may write
T
UT(T’) — UT(O) = Z[gt(TTZt—l,T) — Et—lgt(Tth—l,T)]- (055)

t=1

Applying the identity (C.15) to g;(r"2z,_1r) with

Av =y — [ma]y = [m1 + wly — [wea]+

Bioa(r) = [me1 + Tz rle — (w4,
yields

gt(Tth_LT) = —sgn(Ay)B;_1(r) + 1{A; = 0} B,_1(r)|
+2[Bi_1(r) — A[1{Bi_1(r) > A > 0} — 1{B;_1(r) < A; < 0}]
= V14 + U + 203 (C.56)
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We will show that only vy, contributes non-negligibly to (C.55), as T" — oo. Noting
that

|Bi-a(r)] < |rT 2| (C.57)

and that A; = 0 with nonzero probability only if z;_; < 0, we obtain
Ei-103, = |Bio1 (r)PE 1 1{A; = 0} < |rT 21 7?1 {z-1 < 0}
Further, since B;_1(r) > A; > 0 and B;_1(r) < A; < 0 both imply that
| Bi-1(r) — Adf < |Ba(r)] and fug| < 17211,
we have

Ei—1vs, < [Bioa(r)P1{Jue] < |rTz_12[}

=B (N P[Fullr zi-arl) = Fu(=lr 21 2])] < ClrTzea g

for some C' < oo by the mean value theorem, since f, is bounded. Deduce that

T T
Z B 1[vay + 203 — By (vay + 2v3,)]* < Z Etfl(v%t + 4U32,,t)

t=1 t=1

T T
<717 Y llze-rr Pz < 0} +8CIr P Y Izl
t=1 t=1

T 1/2 T 1/2 T
< |rl* <;||Zt—1,T||4> (Z Haen < 0}> +4CIIT‘II31I£1§SXT||25—1,TII ;IIZH,TIIQ

= 0p(1)

by Lemmas A.2(ii), A.3(i), A.3(ii), and A.3(v). It follows by (C.55), (C.56) and Corol-
lary 3.1 of Hall and Heyde (1980) that

Ur(r) = Ur(0) = = > Bia(r)[sen(Ar) — Eeoysgu(Aq)] + op(1)

T
= — Z Bt,1<7”)€t + Op(l)
t=1
for e; the (bounded) m.d.s. defined in (C.3) above.
It remains to determine the weak limit of the r.h.s. To that end we recall the argument

given in the proof of Proposition C.2(iii), that by defining

1, (r) =1{z; 1 >0, 2 +7"2 17 >0} 15 (r)=1-1,_4(r)

99



as in (C.41) above, we obtain the bound
15400 < 2 1oy < 1+ 1 {1 <] s, Joucaal
1<s<T
215, + 150, (C.58)
per (C.42) above. Moreover,
B 1(r)1_1(r) = {[re—1 + T‘TZt—l,T]+ — ] L (r) = (TTZt—l,T)lt—l(T)-

Therefore
Ur(r) = Up(0) = = Y 1,4 (r) Bi_a( 21 ) By_1(r)e; + 0,(1)

T
ZT 2 1Tet+21 rztlT—Bt 1(r)]e: + 0,(1).

To see that the second term is asymptotically negligible, observe that this is a martingale

with conditional variance

Zl T 2e-10 = B ()" Eeaef <y Ofr|f? Zl )21,

<@ C|r| Zuzt_l,TH?{z 15, 4 15(r)}
t=1
=@3) 0p(1)

where <y follows by (C.57) and the boundedness of e;, <(3) by (C.58) and =3, by the
arguments that yielded (C.45) in the proof of Proposition C.2(iii). Hence by Corollary 3.1
of Hall and Heyde (1980),
T
UT(T) — UT<0) = —T’T Z Zt—1,T€t -+ Op(1>.

t=1
The martingale on the r.h.s. of the preceding is
T 1

T
Z Zt—-1,176t = T71/2 Z Tﬁl/Qyt_l €¢. (059)
t=1 t=1 Ay )
t—
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To determine its weak limit, consider the vector martingale process

7T Uy
Mp(rT) =T " | ¢
=t Ay, €

for 7 € [0,1]. Each of the elements of My satisfy a conditional Lyapunov condition,

|2+5

for every 7 € [0,1]: the first two elements because E;_i|u:|*** and e; are respectively

bounded, and the final k£ — 1 elements because

T
T2 S A,y [P B e < CT5420,(1) = 0,(1)
t=1

by Lemma A.1(i). Therefore, to apply a (functional) CLT to My, it suffices to determine

the probability limit of the conditional variance process

1 [T U? el Aylletut
(Mr(7T)) = T Z By ey e? Ayl 2 : (C.60)
t=1

Ay, _eeuy Ay, 6? Ay, Ay;r—leg

for each fixed 7 € [0, 1].
To compute the limit of the r.h.s. of the preceding, note that

]-{It—l > O}Et_l Sgn([l‘t_l + Ut]+ — [It_1]+) = 1{[[‘75_1 > O}Et_l sgn(ut) =0
and

a1 <OPE: g sgn([mey +we)y — [ma]4) = oy < OP 1 {uy > —241}
= Yz < OHI = F(—z)],

and hence

Eiref = Eevsgn((ze + uwly — [z1]4)” = {Eeasgn([ze +wly — [wa]4))
=1—1{z, 1 < O}F(—z4-1) + (1 = F(—24-1))’]
=1+ Hi(z1) (C.61)

where H;(z) is bounded, and (trivially) Hy(z) — 0 as x — +o00. Similarly, since

Eirequy = Eooysgn([ae—1 + we)y — [we1]4)u
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we obtain

1{$t_1 > O}Et_letut = 1{1’15_1 > O}Et_l Sgn(ut)ut = 1{1}_1 > 0}E|U1‘

and
H{xy 1 <O}E;, _qeiuy = 1{zy 1 < O}E,_qu, 1{uy > —x4 1}
=1{z;; <0} h wfu(u)du
whence
Eiqequy = 1{zyq > 0}E|uy| + 1{x;1 < 0} _OO ufu(u)du
= Eluy| + 1{z;—1 <0} [/OO ufu(u)du — E\ulll
s
=: Eluy| + Ho(z—1) (C.62)

where Hy is bounded, and (trivially) Ha(xz) — 0 as @ — +oo. Deduce that for each
T € [0,1],

7T} u; | LTl o’ o?
—ZEt L e | = fz Elu| + Hy(z1)| =7 |Elua|| + 0p(1) (C.63)
6t2 =1 1+ Hl(xt_1> 1

by Lemma A.2(iii). This yields the limit of the upper left 2 x 2 block of the r.h.s. of
(C.60).

Regarding the remaining elements of the r.h.s. of (C.60), we next observe that

1 LT el ! LTTJ el !
t Wt t Wt
5 SR (1] IS SR ]
t=1 €t t=1 €
| 7T 7T T
1 E‘Uﬂ 1 H2 iE’t 1)
T ; =1 Z = Hl xt—l)

by (C.61) and (C.62). Now

LTTJ

Z Ay, , = yLTTJ Yo) = O (T7?)

by Theorem 3.2 in Bykhovskaya and Duffy (2024), while
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p Hy(w )]
T Z Ay, D
T =1 Hi (1)
. 1/2 . 2\ 1/2
1 1 HQ(LEt,l)
< (=3 Iay) (5 = 0,(1)
(2 r &) ) 7
by Lemmas A.1(ii) and A.2(iii). Hence for each T € [0, 1]
1 SR el !
T Z Ei 1Ay, 4 ;tgt] = Op(l)' (C.64)
=1
Finally, since
1 1 T
T Z Ei 1Ay, 1Ay e = T Z Ay, 1Ay, + T Z Ay, Ayi Hy(we1)
t=1 t=1 =1

where by Hélder’s inequality, the norm of the final term is bounded by

1 T 2/(2+0u) 1 T Su/(2+3u)
(f ZHAyt—l H2+6”> (T Z|H1 (xt1)|(2+6”)/6“> = 0y(1)
t=1

t=1
by Lemmas A.1(i) and A.2(iii). Hence, for each 7 € [0, 1],

LT

1
Z E 1Ay, Ayl 2 5 0 (C.65)
t=1

T

by Lemma A.1(ii).
It follows from (C.63)—(C.65) that for each 7 € [0, 1],

0'2 ]E|u1\ 0
(Mg (7T)) 5o E|uq| 1 0| = 7Qum
0 0 Q

Therefore Theorem 2.3 in Durrett and Resnick (1978), and the Cramér—Wold device,
imply that

7T Uy UQ\I_//I/@—)
Mr(rT) =T723 " | ey | 5| W(r) | =M(r) (C.66)
= Ay, je =(7)

on D|0, 1], where M is a (k + 1)-dimensional Brownian motion with variance matrix €2;:

and so, in particular, = is independent of (W, W)
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Finally, returning to (C.59), i.e. to

- - T*1/26t T-1/2 ZtT:1 e
Z Zi—1,17€ = Z Ty 16 = |77t Zthl Ye—1€¢| »
= ST Ay, e Er(1)

we note that by Theorem 3.2 of Bykhovskaya and Duffy (2024) and Theorem 2.1 of Liang
et al. (2016),

T 1
TN e S / Y () dE(7)
t=1 0

holds jointly with (C.66), where Y is a function only of W. Deduce

where Z(1) ~ N0, Q] independently of (W,Y). O
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